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1 STATEMENT OF SOME ESSENTIAL RESULTS

Result S1 (T.W.Anderson, 1984): Let

$ 21 i
E21 Z22
be a square matrix, where Y11, Yoo are square submatrices with non-zero determinants. We

denote X11e2 = S11 — L1255 Xo1 and Boget = Yoo — Lo X77' Sia.
Then

a)
det(X) = det(Xq1)det(3ae1),

b)
vl E1711.2 2171.221227
—Y5 501l o + Ui Bo15 a0 X 12505

with similar results for >2;1¢2 and >o,.

Result S2 (Joe, 2006): For —1 < 7, < 1, j,k € {1,2,...,p} and j # k, the corresponding
correlation matrix R = (p; ) is positive-definite.

Result S3 (Daniels and Pourahmadi, 2009): For —1 < 7, < 1, for j,k € {1,2,...,p}, j # k,
and R be the corresponding correlation matrix constructed from the elements of I, we have

p t—1

det(R HH 1—7T

t=2 j=1

Result S4: For a k-band partial autocorrelation matrix of a multivariate normal random vector,
the exponential part of the multivariate normal density is only a function of partial autocorrela-
tions of lags {1,..., k}.

Proof: Using Result 1 from the main paper, under the condition of a ky band partial autocorrela-
tion matrix,

WMy, , 60) = exp(—%trace(D_lR_lD_lS)) (1)



is only related to (ko + 1) x (ko + 1) principle sub-matrices of S, i.e., it is only affected by sample
partial autocorrelations with lag not greater than k.

Result S5: Let Ry, = (p;x) be a correlation matrix, and 11, = (7;;) be the corresponding
partial autocorrelation matrix of ;. Then,

det(Ryxp) = [det(Ra)(1 — vy Ry'we)(1 — 13 Ry'ra)] @ (1 — 7 ).

where ro = R[2:p—1,pl, 1o =R

pll,2:p—1]and Ry = Ryp[2:p— 2,21 p — 2.

. .. R, 1xp-1 T
Proof: First, we partition R, as follows, R,y, = ( P rlf p=l p ! ),
1 p.p

where R,_1,_1 = Rjp—11:p—1) and 1| = Ra p1] = = (p1p,73)". By Result S1 and since p,, =
1, det (Rpxp) = det (Rp-1xp-1)(1 — rlTRp—1><p—17"1)
Furthermore, we can partition 1?,,_; «,—1 in the following way,

T
P11V
Rip-1yx(p-1) = ( v Ry > :
SO, det (R(p—l)x(p—l)) = (]. - VgR51V2> det (RQ)

Now, let Aj140 = 1 — vI Ry 'y, then,
R 1 A1_11.2 A111.2V2 R2 + 0 0
(p=1)x(p=1) _R2_1V2A1_11.2 Ry V2A11.2 RQ 0 R2_1
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" R -

B 1 —viRy! 0 0 P1
B T 1 2 0 : P
= ( PLp T3 ) [Anoz ( _R2_1]/2 R2 Vol R2 ) * ( 0 R2_1 )] ( 2 )

= A111.2 [:0 —2p1p 73 RQ vy + (13 R2 V2) ] + 7”2R2_17“2T
= A11102 ) (pl,p ) Rz 7“2) + 7y Rz Ta.

We now show

Therefore,

det (Rpxp)
= (1 — vy Ry've)det (Ry) - {1 —ry Ry'ra — Affyy - (p1, — v3 Ry 'r2)*}

2 T p—1 2
_ _ p1, — Vo Ry ro
=(1—vIR;'Yr) (1 — IRy Yry) det (Ry) - |1 — L
( 2 [t 2)l o) ettt V(1= VIR ') (1 — TRy ')

= (1 — v Ry ') (1 — 11 Ry o) det (Rs) - (1 — 72).



2 PROOF OF RESULTS AND THEOREMS FROM SEC-
TION 3.1

Proof of Result 1

First, let R = (p; 1)pxp be a correlation matrix and denote R; = Rjip—1,ip—1]; Vi = Ra,i:p_l], and r; =
R[Zp_17p] °

We partition R as

1 P12 - Prp-1 Plp
1 _
e P2,1 P2p—1  P2p B ( R, )
=1 ... = T
1 Lix1

pp—l,l pp—1,2 1 pp—l,p
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T T
where rrf = ( Plp P2p - Pp—1p ) = ( P1,p 7’2T )

Thus, by Result S1
RyYrirTR7Y —R7'r R O¢p—
R_1:A—1 % 1 1 1_1 1 1 + 1 (p—1)x1 ,
2201 ( —TlTRl ! Lixa le(p—l) O1x1
where A22.1 =1- T{R;lrl = H?;i(l - 7T]2»’p>, and det(R) = Agg.ldet(Rl).
Furthermore, partition R; as
Lix1 VQT
Rl =

vy Ry '
We can then show that
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Therefore,



( Rflrlrl Rl_1 —Ri'ry )
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since the partial autocorrelation matrix I[I = (7;),x, has ko bands, 7; ;1 = 0fork > k.
Hence,

0 0 0
Rflr r Rfl _Rflr 1x1 71><(p 2)7 1i<1
( a1 ) = Qe Rt R =Ryt | (forp = 1> k).
! 01><1 _TgRgl 11><1

Similarly, for p — 7 > kg, we obtain

_ _ _ 0 O 0
R@' 1Tﬂ,iTRi 1 _Rz 1Ti - 0 1'><1 . 1x(p—i— 1)R _ijl
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where R, 1, = Rjp—ky:p—1,p—kop—1] 18 @ principal submatrix of R with rows and columns from

(p - kO) to (p - 1>’ and Tp—ko = R[p*koipflvp}'
Therefore, under the assumption of ky bands, we obtain

R—l
. O(I)—ko—l)X(P—ko—l) 1 O(:%—ko—l)Xko . O(p_ko 1)x1 R 00y 1121
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Now, we re-write R, similar to R to obtain

).



p-l Op—ko—1)x(p—ko—1)  Op—ko—1)xko  O(p—ko—1)x1
= (1- Wgz,p)_l Okox (p—ko—1) Mijjj; — My,
J=p—ko O1x(p—ko—1) —M]-T Lixa
+.o +
s—1 O(P—go—s—l)X(p—ko—s—l) 0(1);\?—;\2172%0 0(p—koﬁ—1)xl 0(p—go—s—1)xs
-2 \-1 kox(p—ko—s—1)) jstHis — i js koxs
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+. +
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+j1_[1(1 Wj’kOH) O1x1 _Mkao+1 Lix1 O1x(p—ko—2)
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where M;,, = R[;Jlfko:pfl,pfkozpfl}R[p*kofpflyp}’ M;s = R[_slfko:sfl,sfko:sfl]R[S*koisflzs]’ and Mj,41 =

[_221k0 1.2tk +1]R[2;k0+17k0+2}. This shows that R~! is a sum of p x p matrices including only
(ko + 1) x (ko + 1) non-zero principal sub-matrices. As a result, we only need to invert (kg — 1)-
dimensional matrices to move from a ko band IT to R~!. Furthermore, both R~! and the precision
matrix, X! = D"'R~' D~ are ky-band matrices.
Proof of Theorem 1:
Assume T = (719, 2,3, -, Tp—1py s T1p—1, T2p, T1p) i the mle of multivariate normal likeli-
hood function, 7"1:1,p = (7’\1:172, ,7:5273, ...7A1:p_17p, ceey %1@_1, %ij, %1p> as in ﬁ-j,j—‘rl = maij7j+lG*(7Tj,j+l .
j=1,...,p— 1), (maximizer of the objective function). We are going to prove 7 is same as 7.
Let p5F = (1.9, 2.3y -+, Pp—1p» -+, PLp—1, P2.ps P1.p) bE the corresponding estimators of the corre-
lation coefficients. We use an induction argument.
1) For k = 1, 7, j+1, the maximizer of G(7; j11), is also the mle of the corresponding correlation
coefficients p; ;1 SInCe p; j11 = T 41
2)Fork=te {l,....p— 2}, assume

T = (T ot T o2y o T tm bty oo Tt s T ot T j4t)

is the maximizer of the multivariate normal likelihood with j = 1,2, ...,p —t, i.e., 7+t = 7+,
Then, the corresponding correlation coefficient estimators

It — (D D .y A D D sis. Do
PP = (05415 Pia1g42s - Pit—1ts s Pjjt—1, Pj+ 1+ Pjjtt)

are the maximizers of the multivariate normal likelihood on the p scale, i.e., p?/ 7t = piitt,
3) for k=t+1, let I j o4 1\je01 = LTG0 15 oo Tttt Lo oo Wjjats TjL el s
and P i 1\jate1 = {0541 o Djrtjrtsts oo Pt Pj1 et
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We have

~j j+t+1
P
(pj,j+1> Pi41,j425 -5 P+t j+t+1s oo Pjj+ts Pj+1,j4+t+15 pj,j+t+1)
(Pjg+1s D125 s Pjbt gty oo Pjgitts Pjd gty Pjjrt+1)
= APt P}
and
ﬁj,j+t+1

(pj,j+1> Pi+1,5425 o3 Pjtt,j+t+1y -5 Pjj+t> Pi+1,j+t+1) pj,j+t+1)

= {Pj,j+t+1\j+t+1jﬂj,j+t+1}

which is the maximizer of L(IL; j1¢41),

Moreover,
Pjj+t+1
= maxarg {G(m)j+++1)} = maxarg {L(j;ep1 | er1yrer1)}
= Pij+t+1
Therefore,
G — gttt
Correspondingly,
Tjj+t+1

maxarg {G(mjj+e+1)} = maxarg {L(TLjj o1 [T er1ygaee)}
ﬁjd-l—t—l—l-

Hence, by induction, 717 is the mle of the multivariate normal likelihood function.

Proof of Theorem 2: The proof follows directly from the following Lemma.

Lemma: Suppose Y1,Ys, ..., Y, (n > p) are iid N(0, DRD), where D is a diagonal matrix of
marginal standard deviations. Let IT = (7j.t)pxp be the mle of the partial autocorrelation matrix.
For a band k( partial autocorrelation matrix, the mles of the partial autocorrelations with lags
greater than kg are independent with marginal distributions given by

F(jgn) o< (L= 50a) (1 + 7 k)

where
n—k—2
forkg <k <p—2
(X:/B:{ n—%—l f ko :p
s orkg<k=p-—1



Proof: Since Y}, Y5, ..., Y, are iid multivariate normal random vectors N (0, DRD), the sample

covariance S follows a Wishart distribution W,,(X) for n > p + 1 with pdf,

—p— 1
p(s) o< |S|72 1ea:p[—§tmce(D_1R_1D_1S)].
Let S = {&j,l : j,l = 1, e ,p}, A= (6172, 6’27315'173, ey é—l,pa 5’171, ey C}pm),
B = (,51,27 ﬁ2,37 ﬁ1,37 A Ial,pu 6-1,17 s} a-p,p)a and II = (7%1,27 7%2,37 7%1,37 e ﬁl,}h 6-1,17 ce &p,p)

where T = (77'1,2, 2,3, 1,35 -+ Wl,p)’ and og — (0'1’1, '-O-p,p>-
The Jacobian from A to B is

J= Tu iz , where Ji; = diag(vech(A ® Al/Z)) :
0 ]pxp
According to Joe (2006) , the determinant of the Jacobian for Jg_. is
p—1 p—2p—k .
|<]B—>7r| = H(]' ]j+1 H H 7]+1€ o
j=1 k=2 j=1

Also, recall |R| = [[2Z} H?;f(l — @2 ;%) (Result S3), and S = DRD where D is a diagonal

matrix with sample standard deviations on its main diagonal.
Therefore,

1
p(B) o |J||S| 2 exp[—étrace(DflRle*IS)] and

n—p—1

p(7,60) o< |Ji1||Jpone|| DRD)

p—1

= |j11||j19—>7r||f71fff)’ni2

h(ﬁoﬁo)’

where gy 5\ = exp[—3trace(D R D7'S)]. We can simplify this as follows,

N ~ p_l b 2p K p 1—k
p(ion) o [l DI [T -0 T TT0 - #5001
j=1 k=2 j=1
p—lp—k A2 npt
[HH(l_Wj,j+k)] ? h(Hk07UO)
k=1 j=1
~9 n—p—1 p_2 p_k ,\2 n—k—2
= (1_7T1,p) 2 H H(l ]]+k> 2
k=ko+1 j=Fk
p—1 L s ko p—k e s
H(l — i) 2 [H H(l )] 2
j=1 k=2 j=1
PO £ g ) n=k=2 1 4
= (I—m,) H H(l Aigen) 2 (kg 60),
k=ko+1 j=1

1
exp[—§trace(D_1R_1D_lS)]

(ﬂko ) 6-0)



where

*(T A -1 =2 n—
(Mg, 60) = T2 (1 =77 500) 7 - [T [Toy (U= 2,000 = [Jul| D7~ h(Il,, 60).
Hence, all sample partial autocorrelations w1th lags not less than k are independent with marginal
distributions given by

nk2

n—k—2

forke{ko+1,...,p—2}
forkg <k=p—1 '

A (1 =7545)
J(Tjjn) o { (1— 7T1;:];n g L

3 Form of estimating equations for 7; ;.

Before deriving the equations for 7;;, we introduce some notation. Let {Y; : i = 1,...,n} be
p % 1 vectors of independent, normally distributed random variables with mean 0 and covariance
matrix Y. The mle of Yis Sy = 1 =3 Y;Y/. After applying the transformation X; = TY;,

=1 "1

where T' = diag(s ) we define

JJ,E

1 n
= 23X X = (si).
- ; i = ((k)

The likelihood for 7, G(7; ) is proportional to
_n n 17 .
G(mjx) oc (1= m50) "2 exp{—gtr(R™'[j : K]S[j : K])}

The corresponding log likelihood can be re-written as

n

Ydet (R A AL KIS < K,

n
log G(mjx) = g(mjx) o —5 log(1 —m2,) —

where A[j : k| is the adjoint matrix of R[j : k] and R™[j : k] = mA[j : k]. So A[j : K]
is a quadratic function of p;, i.e. A[j : k] = Ao+ Aipjr + Agpik, where Ay, A1, Ay are
(k—j+1)x (k—j+ 1) matrices.

The first derivative of the log likelihood for 7; ;. is

9(x;)
aﬂ']’k
n —2m; n 2 . .
= —— : D - A : 20 A
21— 7T]2‘7lg 2&(1 _ ﬂ-]k;) { Jk( ,k)[mn( 15[9 k]) + p],ktr( 25[]7 k])]
+2m; tr (Al - k]S[7 : k) }
n

- Qa(l:—m>{ 2amj (1 = m3) + Dji(L — 75 )[tr(AuS[7 « K]) + 2putr(A2S]j -

+27[tr(AoS[j + K]) + piatr(AsS[) + k) + pf it (A2Sj « k]I
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where a = det(R[j : k])/(1 — 77,), which is not a function of 7;, (cf: Result S3).

. O9(x,
By letting ——2% = 0, we have

87rj,k

—2m; k(1 — 7%, + L{Dj(1 — 73 ) [tr(A1Si) + 2p;tr (A2Sje)]
+27Tj,k det (R]k) . tT‘(A[j:k]Sjk)} = 0
where S, = S[j : k,j : k|, Rjp = R[j : k,j : k|, and A[;,y is the adjoint matrix of Rj;.).

Therefore, by solving (2 ), we obtain 7 ;.

4 ADDITIONAL SIMULATION RESULTS

Scenario 3: Four band matrices

e a: Four band correlation matrices with correlation function
pii+v1=04I(]l] =1)+0.21(2 <|l| <3)+0.1I(|]| = 4).

e b: Four band partial autocorrelation matrices with partial autocorrelation
i = 041(|l| =1) 4+ 0212 < |I| < 3)+0.1I(]I| = 4).

p=60 R AIC Chol-Testing PAC-Testing

Size(n) Risk (Var) EB Risk(Var) EB Risk(Var) EB Risk (Var)
30 10.95 (0.06) 1.00 2.67(0.04) 1.12 2.76(0.13) 1.09 2.74(0.11)
60 7.67 (0.03) 1.00 2.24(0.02) 1.14 2.28(0.03) 1.12 2.27(0.03)

100 596 (0.02) 1.02 2.06(0.01) 1.21 2.06(0.01) 1.20 2.06(0.01)
300 343(0.01) 1.48 1.76(0.02) 1.81 1.70(0.03) 1.81 1.70(0.03)
500 2.65(0.00) 2.26 1.53(0.05) 228 1.54(0.07) 2.24 1.54(0.07)
1000 1.87(0.00) 3.76 1.06(0.05) 3.26 1.19(0.10) 3.24 1.20(0.10)

n=100 R AIC Chol-Testing PAC-Testing
Dim(p) Risk (Var) EB Risk(Var) EB Risk(Var) EB Risk (Var)
30 2.92(0.02) 1.04 142(0.01) 1.21 1.43(0.01) 1.21 1.43(0.01)

100 9.98(0.02) 1.00 2.67(0.01) 1.28 2.71(0.02) 1.23 2.70(0.02)
200 20.02 (0.02) 1.00 3.79(0.01) 1.18 3.82(0.02) 1.16 3.82(0.02)
500 50.18 (0.02) 1.00 6.02(0.01) 1.31 6.08(0.05) 1.25 6.06(0.04)

Table 1: Results for scenario 3a

Note: Frobenius matrix norms (Risk) and Monte Carlo variance (Var) over 100 replicates for the banded partial au-
tocorrelation estimator by multiple hypotheses testing (PAC-Testing), banded Choleski factors of inverse covariance
matrix by multiple hypotheses testing (Chol-Testing) or (AIC) for scenario 3a. EB is the estimated number of bands
of the partial autocorrelation matrix or Choleski factors.



p=60 R AIC Chol-Testing PAC-Testing

Size Risk (Var) EB Risk(Var) EB Risk(Var) EB Risk (Var)
30 10.85 (0.11) 2.60 4.69(1.09) 1.63 5.67(1.09) 1.57 5.72(1.00)
60 7.57 (0.07) 3.13 2.99(0.09) 2.88 3.60(1.32) 2.76 3.71(1.44)
100 5.88 (0.05) 3.54 2.40(0.04) 3.40 2.48(0.35) 3.39 2.48(0.35)
300 3.37(0.01) 4.00 1.31(0.02) 3.99 1.36(0.04) 3.99 1.36(0.04)
500 2.60 (0.01) 4.00 1.00(0.01) 4.01 1.00(0.01) 4.01 1.00(0.01)
1000 1.84 (0.00) 4.00 0.71(0.00) 4.04 0.72(0.00) 4.04 0.72 (0.00)

n=100 R AIC Chol-Testing PAC-Testing
Dim(p) Risk (Var) EB Risk(Var) EB Risk(Var) EB Risk (Var)
30 2.85(0.04) 3.50 1.61(0.05) 3.26 1.68(0.14) 3.23 1.70(0.15)

100 9.82(0.04) 3.50 3.10(0.07) 3.43 3.14(0.09) 3.40 3.14(0.09)
200 19.95(0.05) 3.61 4.49(0.11) 3.61 4.52(0.11) 3.61 4.52(0.11)
500 50.07 (0.05) 3.64 7.11(0.13) 3.68 7.17(0.14) 3.65 7.20(0.13)

Table 2: Results for scenario 3b

Note: Frobenius matrix norms (Risk) and Monte Carlo variance (Var) over 100 replicates for the banded partial au-
tocorrelation estimator by multiple hypotheses testing (PAC-Testing), banded Choleski factors of inverse covariance
matrix by multiple hypotheses testing (Chol-Testing) or (AIC) for scenario 3b. EB is the estimated number of bands
of the partial autocorrelation matrix or Choleski factors.
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