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1 Supplementary Materials

1.1 Derivations from Section 3.3
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1.2 Sampling algorithm

We sample (3,7, ) using a (block) Gibbs sampler along with data augmentation for the missing
responses (straightforward given the full data response is multivariate normal).
We sample the full conditional for the parameters as follows. At iteration kO,
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2. Sample 3|(n*0=1) ~*0=1) 4 (k0)) from a normal distribution with mean
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3. Sample 7|(B*0), ~*O=1) 4 (k0)) ysing a random walk Metropolis-Hastings algorithm. The
full conditional is proportional to
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4. Sample |(3*0) 50 4 (*0)) ysing a Quasi-Newton Metropolis-Hasting Algorithm (details
in the web appendix). The full conditional is proportional to
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1.3 Simulating from the full Conditional for ~

For convenience, we denote log full conditional 7(y|3,n, Y, X) by £*(vy). Let -y denote the mode
of /*(y) and assume - is in a neighborhood of ~g. Then,
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We can approximate the observed information matrix — %”T =, by the expected ﬁsher infor-

mation matrix at . Using a quasi-Newton method to update v, v = ~o+ad (7)) 7 2 d’Y ) | y=0>

we choose « to satisfy Wolf’s condition (Wolf, 1969) . The form of the expected information,
I(y) is given in the following section.

At iteration ko, for Step 4 in our algorithm, we first approximate the model of I*(-), (fy,EkO))
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and accept y(*0) = 4*(%0) with probability
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where h(e) is the pdf of (1).

1.4 Deriving the Expected Information Matrix for

We derive the expected information matrix for + (and for (v, 0y)), where g = (011, ..., opp) 7. To
do this, we first define some needed quantities. Let A be a n x n symmetric matrix with elements



{ai;}, B be am x n matrix with elements {b;;}, and C be a s x s matrix with elements {c;;}
matrices. We define

T
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to be a vector including all the elements in the matrix sorted by column. We define

T
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to be a vector including all the elements in the lower triangular part of a square matrix (sorted by
column). Finally, we define

T
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to be a vector with all the elements in the lower triangular part of a square matrix (without the
main diagonal). Define the Kronecker product of two square matrices as BQ C' = (b;;C).
Now, define a matrix D,, such that D,v(A) = vec(A). So, v(A) = Divec(A), where D is the
Moore-Penrose inverse of D,,, and

D! = (D! D,)"*D’.

Let Y7, Y5, ..., Y, be independently and identically distributed p x 1 random vector such that
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where i = 1,2,...,n, ¥ = (0;)) is positive definite, and let n > p + 1. The expected information
matrix for v(X) is
n
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(Magnus and Neudecker, 1984).
To derive the expected Fisher information of (v, o), we specify the following series of transfor-

mations,
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The transformations are defined as o - (TU(Z)), o* = (vh(X)",00)", p= (Uh(RT) T,cro) ,
px = (P12,P23,P13, <oy Pp—1p> ---,Plp,CTo) , T = (7T12,7T23,7T137 ceey TTp—1p, "'77(1]070-0)
and 2 = (212, 223, 2135 -+, Zp—1ps -+ Z1ps 00) .+
Details on the Jacobian of each transformation follow.

b

1. gi(0;0%) : 0 — o* separates the diagonal and off-diagonal elements. The Jacobin matrix

J°" of gi(o; 0*) is obtained by re-ordering the w X w dimensional identity matrix

corresponding to this re-ordering transformation.



2. go(0*;p) : 0* — pis a 1-1 transformation from the covariance parameters to vari-
ance/correlation parameters. The Jacobian, J* is
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3. g3(p; p*) : p — p*isa 1-1 transformation which changes the order of the parameters p to
p* with Jacobian,
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4. g4(px;m) : px+ — misa 1-1 transformation defined in (1) with ¢;; unchanged. The Jacobian

T 0
Jﬂ' — 11 =
(% 0)

is
where JJ; is Jacobian matrix of transformation from (p12, pa3, P13, -, Pp—1ps -+ P1p) tO

. . . . . 0p;
(712, T3, T13s <oy Tp—1ps -+, T1p), Which is a lower triangular matrix with elements 37’:—]’“}

im

in position ((J’*U?P*j) + k, (171)521071) +m).

5. gs(m;z) : m — zis a 1-1 transformation which transforms the 7 to z(7). The Jacobian is
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6. gs(z; (7,7, 00)) : 2 = (7,7F, 00) is defined in (10) with o;; unchanged, and the Jacobian
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Now, let /,+) denote the expected information of o*. Since the information matrix is invariant
under transformation,
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1.5 Proof of Theorem 1

Proof:
Let Y;kl = {Y;j,j = 1,...,/@' where kl . szz = 17Qi,ki+1 = 0}, Sk = {%szl = 1 and
Qik;+1 =0,and k; = k,where 1 <k <p—1;i=1,...,n}and I3, 3, 3, be sample spaces of

5,7, n, respectively. Thus the observed data distribution of ith subject is sz’ ~ N, k(xflT B, Efi),
where xf = . 1:k,] 1S @ pg X k; submatrix of z; and Ef = Yi[1:k;,1:k;) 18 @ k; X k; principal
submatrix of ;. Define the observed data, Y,;, = (Y], ..., Y.

Therefore,
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Therefore, posterior distribution of (3, v, n) is
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Since 3" 2%z is full rank, Y271 S o aFy1aMT s a positive-definite matrix. Therefore,

its smallest elgenvalue Ap is larger than zero and | 3271 i Sk (Ek )b T < A, )
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Now, define M*(3) = (y& — 7 3)(y¥ — 2%7 3)T. The only positive eigenvalue of Mfi (B) is
M (MF(B)) = (yFi — 2B 3)T (yF — 257 3) > 0 (Marshall and Olkin, 1979). Similar to Daniels
(2006), we remove the dependence of Mf" (B) on Ef" by bounding the exponential term. Re-

write the exponential term in the above expression as:
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where \;(e), defined as A1 (A4), A\2(A), ..., \,(A) are the ordered eigenvalues of a p x p matrix A.
The first inequality is from Marshall and Olkin (1979).
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where s, denotes cardinality of set Sy, and I, is a k x k identity matrix. Finally, for each ¢, simulate

a ’new’ set of data, " from a multivariate normal distribution such that > s, yrhigpkid —
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‘We then obtain
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where M, is a finite constant since all three terms above are bounded. Therefore, f(\ (8,7, 0|Yobs, x)dS

is finite.
Since the priors on v, 7 are proper under the assumption that >~ A; AT and >~ w;w?! are full rank,
we have
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Hence, the posterior of (3, v, n) is proper.



