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1 Supplementary Materials

1.1 Derivations from Section 3.3

E(γ) =
(
w? w⊥

)−1
E(z(π))

=

(
((w?)Tw?)−1(w?)T

(w⊥)T

)
µ1T×1

= µ

(
((w?)Tw?)−1(w?)T

(w⊥)T

)
1T×1

V ar(γ) =
(
w? w⊥

)−1
V ar(z(π))(

(
w? w⊥

)−1
)T

=

(
((w?)Tw?)−1(w?)T

(w⊥)T

)
σ2IT×T

(
((w?)Tw?)−1(w?)T )T w⊥

)
= σ2

(
((w?)Tw?)−1(w?)T

(w⊥)T

)(
((w?)Tw?)−1(w?)T )T w⊥

)
= σ2

(
((w?)Tw?)−1 0

0 I(T−q)×(T−q)

)
.

var(zi(γ)) = var(w(i,:)γ)

= var(w?(i,:)γ
?) + var(w⊥(i,:)γ

⊥)

= σ2(w?(i,:)((w
?)Tw?)−1(w?(i,:))

T + w⊥(i,:)(w
⊥
(i,:))

T ).
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var(z) =
1

T

T∑
i=1

var(zi)

= σ2 1

T
tr{w?((w?)Tw?)−1(w?)T}

= σ2 1

T
tr{((w?)Tw?)−1(w?)Tw?}

= σ2 1

T
tr{Iq×q}

=
q

T
σ2,

1.2 Sampling algorithm
We sample (β, η, γ) using a (block) Gibbs sampler along with data augmentation for the missing
responses (straightforward given the full data response is multivariate normal).

We sample the full conditional for the parameters as follows. At iteration k0,

1. Sample Yimiss|(β(k0−1), γ(k0−1), η(k0−1), yiobs) by data augmentation.

Yimiss ∼ N(xTimissβ
(k0−1)+Σ

(k0−1)
i12 (Σ

(k0−1)
iobs )−1(yiobs−xTiobsβ(k0−1)),Σ

(k0−1)
imiss −Σ

(k0−1)
i21 (Σ

(k0−1)
iobs )−1Σ

(k0−1)
i12 )

where xTi = (xTiobs, x
T
imiss)

T , and Σ
(k0−1)
i =

(
Σ

(k0−1)
iobs Σ

(k0−1)
i12

Σ
(k0−1)
i21 Σ

(k0−1)
imiss

)
.

2. Sample β|(η(k0−1), γ(k0−1), y(k0)) from a normal distribution with mean

µ(k0−1) = Σ
(k0−1)
0

n∑
i=1

xiD
−1
i(η(k0−1))

R−1
i(γ(k0−1))

D−1
i(η(k0−1))

y
(k0)
i

and variance,

Σ
(k0−1)
0 = (

n∑
i=1

xiD
−1
i(η(k0−1))

R−1
i(γ(k0−1))

D−1
i(η(k0−1))

xTi )−1.

3. Sample η|(β(k0), γ(k0−1), y(k0)) using a random walk Metropolis-Hastings algorithm. The
full conditional is proportional to

π(η|β, γ, Y,X) ∝ {(
n∏
i=1

|Di(η)|−1)|
n∑
i=1

xiD
−1
i(η)R

−1
i(γ(k0−1))

D−1i(η)x
T
i |−

1
2}

exp{−1

2

n∑
i=1

(y
(k0)
i − xTi β(k0))TD−1i(η)R

−1
i(γ(k0−1))

D−1i(η)(y
(k0)
i − xTi β(k0))}

exp(−1

2
ηTΣηη).
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4. Sample γ|(β(k0), η(k0), y(k0)) using a Quasi-Newton Metropolis-Hasting Algorithm (details
in the web appendix). The full conditional is proportional to

π(γ|β, η, Y,X)

∝ (
∏n

i=1 |Ri(γ)|−
1
2 )|
∑n

i=1 xiD
−1
i(η(k0))

R−1i(γ)D
−1
i(η(k0))

xTi |−
1
2

exp{−1
2

∑n
i=1(y

(k0)
i −xTi β(k0))TD

−1
i(η(k0))

R−1i(γ)D
−1
i(η(k0))

(y
(k0)
i −xTi β(k0))}exp{−1

2(γ−µγ)TΣ−1γ (γ−
µγ)}.

1.3 Simulating from the full Conditional for γ
For convenience, we denote log full conditional π(γ|β, η, Y,X) by `?(γ). Let γ denote the mode
of `?(γ) and assume γ is in a neighborhood of γ0. Then,

∂`?(γ)

∂γ
=
∂`?(γ)

∂γ
|γ=γ0 +

∂2`?(γ)

∂γ∂γT
|γ=γ0(γ − γ0) + o(|γ − γ0|2)1q×1.

Therefore,

γ ≈ γ0 − (
∂2`?(γ)

∂γ∂γT
|γ=γ0)−1

∂`?(γ)

∂γ
|γ=γ0 .

We can approximate the observed information matrix −∂2`?(γ)
∂γ∂γT

|γ=γ0 by the expected fisher infor-

mation matrix at γ0. Using a quasi-Newton method to update γ, γ = γ0+αI(γ0)
−15 ∂`?(γ)

∂γ
|γ=γ0 ,

we choose α to satisfy Wolf’s condition (Wolf, 1969) . The form of the expected information,
I(γ) is given in the following section.

At iteration k0, for Step 4 in our algorithm, we first approximate the model of l?(·), (γ
(k0)
∗ )

by γ(k0)∗ = γ(k0−1) + αI(γ(k0−1))−15 ∂`?(γ)
∂γ
|γ=γ(k0−1) . Then we sample

γ∗(k0) ∼ N(γ(k0)∗ , I−1(γ(k0)∗ )), (1)

and accept γ(k0) = γ∗(k0) with probability

p = min{1, π(γ∗(k0))|β(k0), η(k0), Y (k0), X)

π(γ∗(k0−1))|β(k0), η(k0), Y (k0), X)
× h(γ∗(k0−1))|β(k0), η(k0), Y (k0), X)

h(γ∗(k0))|β(k0), η(k0), Y (k0), X)
}, (2)

where h(•) is the pdf of (1 ).

1.4 Deriving the Expected Information Matrix for γ
We derive the expected information matrix for γ (and for (γ, σ0)), where σ0 = (σ11, ..., σpp)

T . To
do this, we first define some needed quantities. Let A be a n×n symmetric matrix with elements
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{aij}, B be a m × n matrix with elements {bij}, and C be a s × s matrix with elements {cij}
matrices. We define

vec(A) =
(
a11 a21 · · · an1 a12 · · · an2 · · · ann

)T
to be a vector including all the elements in the matrix sorted by column. We define

v(A) =
(
a11 a21 · · · an1 a22 · · · an2 · · · αnn

)T
to be a vector including all the elements in the lower triangular part of a square matrix (sorted by
column). Finally, we define

vh(A) =
(
a21 a31 · · · an1 a32 · · · an2 · · · αnn−1

)T
,

to be a vector with all the elements in the lower triangular part of a square matrix (without the
main diagonal). Define the Kronecker product of two square matrices as B

⊗
C = (bijC).

Now, define a matrix Dn such that Dnv(A) = vec(A). So, v(A) = D†nvec(A), where D†n is the
Moore-Penrose inverse of Dn, and

D†n = (D′nDn)−1D′n.

Let Y1, Y2, ..., Yn be independently and identically distributed p× 1 random vector such that

Yi ∼ Np(µ,Σ)

where i = 1, 2, ..., n, Σ = (σjk) is positive definite, and let n ≥ p+ 1. The expected information
matrix for v(Σ) is

Fn =
n

2
D′p(Σ

−1 ⊗ Σ−1)Dp

(Magnus and Neudecker, 1984).
To derive the expected Fisher information of (γ, σ0), we specify the following series of transfor-
mations,

σ → σ∗ → ρ→ ρ∗ → π → z → (γ, γ?, σ0)

The transformations are defined as σ = (v(Σ)), σ∗ = (vh(Σ)T , σT0 )T , ρ = (vh(R)T , σT0 )T ,
ρ∗ = (ρ12, ρ23, ρ13, ..., ρp−1p, ..., ρ1p, σ

T
0 )T , π = (π12, π23, π13, ..., πp−1p, ..., π1p, σ

T
0 )T ,

and z = (z12, z23, z13, ..., zp−1p, ..., z1p, σ0)
T .

Details on the Jacobian of each transformation follow.

1. g1(σ;σ∗) : σ → σ∗ separates the diagonal and off-diagonal elements. The Jacobin matrix
Jσ
∗ of g1(σ;σ∗) is obtained by re-ordering the p(p+1)

2
× p(p+1)

2
dimensional identity matrix

corresponding to this re-ordering transformation.
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2. g2(σ∗; ρ) : σ∗ → ρ is a 1-1 transformation from the covariance parameters to vari-
ance/correlation parameters. The Jacobian, Jρ is

Jρ =

(
Jρ11 Jρ12
0 Ip×p

)
where Jρ11 = diag(vh(σ0

⊗
σT0 )

1
2 ) and

J
ρ
12 =



ρ12
√
σ11σ22

2σ11

ρ12
√
σ11σ22

2σ22
0 ... 0 0

ρ13
√
σ11σ33

2σ11
0

ρ13
√
σ11σ33

2σ33
... 0 0

......
ρ1p
√
σ11σpp

2σ11
0 0 ... 0

ρ1p
√
σ11σpp

2σpp

0
ρ23
√
σ22σ33

2σ22

ρ23
√
σ22σ33

2σ33
... 0 0

......

0
ρ2p
√
σ22σpp

2σ22
0 ... 0

ρ2p
√
σ22σpp

2σpp
......

0 0 0 ...
ρp−1p

√
σp−1p−1σpp

2σp−1p−1

ρp−1p
√
σp−1p−1σpp

2σpp



3. g3(ρ; ρ∗) : ρ → ρ∗ is a 1-1 transformation which changes the order of the parameters ρ to
ρ∗ with Jacobian,

Jρ∗ =

(
Jρ∗11 0
0 Ip×p

)
,

where Jρ∗11 is a matrix obtained by reordering identity matrix I p(p−1)
2
× p(p−1)

2

corresponding to
the reordering from (ρ12, ..., ρ1p, ρ23, ..., ρ2p, ..., ρp−1p), to (ρ12, ρ23, ρ13, ..., ρp−1p, ..., ρ1p).

4. g4(ρ∗; π) : ρ∗ → π is a 1-1 transformation defined in (1) with σjj unchanged. The Jacobian
is

Jπ =

(
Jπ11 0
0 Ip×p

)
where Jπ11 is Jacobian matrix of transformation from (ρ12, ρ23, ρ13, ..., ρp−1p, ..., ρ1p) to

(π12, π23, π13, ..., πp−1p, ..., π1p), which is a lower triangular matrix with elements
{
∂ρjk
∂πlm

}
in position ( (j−1)(2p−j)

2
+ k, (l−1)(2p−l)

2
+m).

5. g5(π; z) : π → z is a 1-1 transformation which transforms the π to z(π). The Jacobian is

Jz =

(
Jz11 0
0 Ip×p

)
where

Jz11 =


1− π2

12 0 0 ... 0
0 1− π2

23 0 ... 0
0 0 1− π2

13 ... 0
......

0 0 0 ... 1− π2
1p

 .
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6. g6(z; (γ, γ⊥, σ0)) : z → (γ, γ⊥, σ0) is defined in (10) with σjj unchanged, and the Jacobian

J (γ,γ⊥,σ0) =

(
J
(γ,γ⊥)
11 0

0 Ip×p

)
,

where
J
(γ,γ⊥)
11 =

(
w? w⊥

)
.

Now, let I(σ∗) denote the expected information of σ∗. Since the information matrix is invariant
under transformation,

I(σ∗) = Jσ
?T {n

2
[DT

T (Σ−1
⊗

Σ−1)DT ]}Jσ? =

(
Iσ∗11 Iσ∗12
Iσ∗21 Iσ∗22

)
. (3)

Then,

I(ρ) = JρT I(σ∗)J
ρ

=

(
Jρ11 Jρ12
0 Ip×p

)T (
Iσ∗11 Iσ∗12
Iσ∗21 Iσ∗22

)(
Jρ11 Jρ12
0 Ip×p

)
=

(
JρT11 I

σ∗
11 J

ρ
11 JρT11 I

σ∗
11 J

ρ
12 + Jρ11I

σ∗
12

JρT12 I
σ∗
11 J

ρ
11 + Iσ∗21 J

ρ
11 JρT12 I

σ∗
11 J

ρ
12 + (Iσ∗21 J

ρ
12 + JρT12 I

σ∗
12 ) + Iσ∗22

)
=

(
I(ρ0) I(ρ0σ0)
IT(ρ0σ0) I(σ0)

)
.

where ρ0 = (ρ12, ..., ρ1p, ρ23, ...ρp−1p).
It then follows that

I(γ,γ
⊥,σ0) = (J (γ,γ⊥,σ0)TJzTJπTJρ∗T )I(ρ)(J

ρ∗JπJzJ (γ,γ⊥,σ0))

=

(
(J

(γ,γ⊥)T
11 JzT11 J

πT
11 J

ρ∗T
11 )I(ρ0)(J

ρ∗
11J

π
11J

z
11J

(γ,γ⊥)
11 ) J

(γ,γ⊥)T
11 JzT11 J

πT
11 J

ρ∗T
11 I(ρ0σ0)

(J
(γ,γ⊥)T
11 JzT11 J

πT
11 J

ρ∗T
11 I(ρ0σ0))

T I(σ0)

)
. (4)

So the three blocks of the information matrix for (γ, σ0) are

I(γ) = (w?TJzT11 J
πT
11 J

ρ∗T
11 )I(ρ0)(J

ρ∗
11J

π
11J

z
11w

?) (5)

I(γ, σ0) = w?TJzT11 J
πT
11 J

ρ∗T
11 I(ρ0σ0) (6)

I(σ0) = JρT12 I
σ∗
11 J

ρ
12 + (Iσ∗21 J

ρ
12 + JρT12 I

σ∗
12 ) + Iσ∗22 . (7)
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1.5 Proof of Theorem 1
Proof:

Let Y ki
i = {Yij, j = 1, . . . , ki where ki : Qiki = 1, Qi,ki+1 = 0}, Sk = {i, Qiki = 1 and

Qiki+1 = 0, and ki = k, where 1 ≤ k ≤ p−1; i = 1, . . . , n} and =β,=γ,=η be sample spaces of
β, γ, η, respectively. Thus the observed data distribution of ith subject is Y ki

i ∼ Nk(x
kiT
i β,Σki

i ),
where xkii = xi[:,1:ki] is a pβ × ki submatrix of xi and Σki

i = Σi[1:ki,1:ki] is a ki × ki principal
submatrix of Σi. Define the observed data, Yobs = (Y k1

1 , . . . , Y kn
n ).

Therefore,

f(ykii |β, γ, η, x
ki
i ) ∝ |Σki

i |−
1
2 exp[−1

2
(ykii − x

kiT
i β)T (Σki

i )−1(ykii − x
kiT
i β)],

and

f(yobs|γ, β, η, x)

∝
n∏
i=1

|Σki
i |−

1
2 exp{−1

2
[
n∑
i=1

(ykii − x
kiT
i β)T (Σki

i )−1(ykii − x
kiT
i β)}

=

p−1∏
k=1

∏
i∈Sk

|Σki
i |−

1
2 exp{−1

2

p−1∑
k=1

[
∑
i∈Sk

(yik − xkiTi β)T (Σki
i )−1(ykii − x

kiT
i β)]}

=

p−1∏
k=1

∏
i∈Sk

|Σki
i |−

1
2 exp{−1

2
[

p−1∑
k=1

∑
i∈Sk

(ykiTi (Σki
i )−1ykii )

−2(

p−1∑
k=1

∑
i∈Sk

ykiTi (Σki
i )−1xkiTi )β + βT (

p−1∑
k=1

∑
i∈Sk

xkii (Σki
i )−1xkiTi )β]}

Therefore, posterior distribution of (β, γ, η) is

π(β, γ, η|yobs, x) =
m(β, γ, η|yobs, x)∫

β∈=β

∫
γ∈=γ

∫
η∈=η m(β, γ, η|yobs, x)dβdγdη

,

where

m(β, γ, η|yobs, x)

=

p−1∏
k=1

∏
i∈Sk

|(Σki
i )|−

1
2

exp{−1

2
[

p−1∑
k=1

∑
i∈Sk

(ykiTi (Σki
i )−1ykii )− 2(

p−1∑
k=1

∑
i∈Sk

ykiTi (Σki
i )−1xkiTi )β

+βT (

p−1∑
k=1

∑
i∈Sk

xkii (Σki
i )−1xkiTi )β]}π(γ)π(η).
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Since
∑
xkii x

kiT
i is full rank,

∑p−1
k=1

∑
i∈Sk x

ki
i Σ−1ik x

kiT
i is a positive-definite matrix. Therefore,

its smallest eigenvalue λp is larger than zero and |
∑p−1

k=1

∑
i∈Sk x

ki
i (Σki

i )−1xkiTi |−
1
2 < λ

− p
2

p .
Define β̂ = (

∑p−1
k=1

∑
i∈Sk x

ki
i (Σki

i )−1xkiTi )−1
∑p−1

k=1

∑
i∈Sk x

ki
i Σ−1k ykii . We obtain,∫

=β
m(β, γ, σ|yobs, x)dβ

∝ |
∑p−1

k=1

∑
i∈Sk x

ki
i (Σki

i )−1xkiTi |−
1
2 (
∏p−1

k=1

∏
i∈Sk |(Σ

ki
i )|− 1

2 )

exp{−1
2

∑p−1
k=1

∑
i∈Sk(y

ki
i − x

kiT
i β̂)T (Σki

i )−1(ykii − x
kiT
i β̂)}π(γ)π(η)

≤ λ
− p

2
p (
∏p−1

k=1

∏
i∈Sk |(Σ

ki
i )|− 1

2 ) exp{−1
2

∑p−1
k=1

∑
i∈Sk(y

ki
i −x

kiT
i β̂)T (Σki

i )−1(ykii −x
kiT
i β̂)}π(γ)π(η).

Now, define Mki
i (β̂) = (ykii − x

kiT
i β̂)(ykii − x

kiT
i β̂)T . The only positive eigenvalue of Mki

i (β̂) is
λ1(M

ki
i (β̂)) = (ykii − x

kiT
i β̂)T (ykii − x

kiT
i β̂) > 0 (Marshall and Olkin, 1979). Similar to Daniels

(2006), we remove the dependence of Mki
i (β̂) on Σki

i by bounding the exponential term. Re-
write the exponential term in the above expression as:

(ykii − x
kiT
i β̂)T (Σki

i )−1(ykii − x
kiT
i β̂)

= trace[(Σki
i )−1Mki

i (β̂)]

≥
k∑
t=1

λt(Σ
−ki
i )λk−t+1(M

ki
i (β̂))

= λk(Σ
−ki
i )λ1(M

ki
i (β̂))

where λt(•), defined as λ1(A), λ2(A), ..., λp(A) are the ordered eigenvalues of a p× p matrix A.
The first inequality is from Marshall and Olkin (1979).
Let λmin,k = mini∈Sk{λk(Σ

−ki
i )} > 0 and λ(M)

min,k = mini∈Sk{λ1(M
−ki
i )} > 0. Then,∑

i∈Sk

(ykii − x
kiT
i β̂)T (Σki

i )−1(ykii − x
kiT
i β̂)

≥
∑
i∈Sk

λk(Σ
−ki
i )λ1(M

−ki
i )

≥ skλmin,kλ
(M)
min,k

= trace{skλmin,k
k

Ik × λ(M)
min,kIk}

where sk denotes cardinality of set Sk and Ik is a k×k identity matrix. Finally, for each i, simulate
a ’new’ set of data, y?kii from a multivariate normal distribution such that

∑
i∈Sk y

?ki
i y?kiTi =

λ
(M)
min,kIk.
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We then obtain

(

p−1∏
k=1

∏
i∈Sk

|(Σ−ki)|
1
2 ) exp{−1

2

p−1∑
k=1

∑
i∈Sk

(ykii − x
kiT
i β̂)T (Σki

i )−1(ykii − x
kiT
i β̂)}π(γ)π(η)

≤ (

p−1∏
k=1

∏
i∈Sk

[Πk
t=1λt(Σ

−ki
i )]

1
2 ) exp{−1

2

p−1∑
k=1

∑
i∈Sk

y?kiTi

skλmin,k
k

Iky
?ki
i }π(γ)π(η)

= (

p−1∏
k=1

∏
i∈Sk

Πk
t=1[

kλt(Σ
−ki
i )

skλmin,k
]
1
2 [
skλmin,k

k
]
1
2 ) exp{−1

2

p−1∑
k=1

∑
i∈Sk

y?kiTi

skλmin,k
k

Iky
?ki
i }π(γ)π(η)

= (

p−1∏
k=1

∏
i∈Sk

Πk
t=1[

kλt(Σ
−ki
i )

skλmin,k
]
1
2 )

p−1∏
k=1

∏
i∈Sk

|skλmin,k
k

Ik|
1
2 exp{−1

2

p−1∑
k=1

∑
i∈Sk

y?kiTi

skλmin,k
k

Iky
?ki
i }π(γ)π(η)

≤ M0

whereM0 is a finite constant since all three terms above are bounded. Therefore,
∫
=β
m(β, γ, σ|yobs, x)dβ

is finite.
Since the priors on γ, η are proper under the assumption that

∑
AiA

T
i and

∑
wiw

T
i are full rank,

we have∫
β∈=β

∫
γ∈=γ

∫
η∈=η

m(β, γ, σ|yobs, x)dβdγdη ≤
∫
γ∈=γ

∫
η∈=η

M0π(γ)π(η)dγdη <∞.

Hence, the posterior of (β, γ, η) is proper.
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