Supplementary Materials for Bayesian
Inference for the Causal Effect of Mediation

M. J. Daniels ; J. Roy IC. Kim FI.W. Hogan § and M.G. Perri ¥

Step 3. of sampling algorithm: Sampling (F'/, 1, Far, 0, Frig1s Fig.0, 7100 To.0,)

1. Generate L sets (Mo, My ). This requires sampling from far, ar, (mz, mzr) = far, (mzme) far, (mer).
Note that in the TOURS trial, M, is actually discrete (taking integer values 0 to 350), so we

compute fys. (m,) as follows,
far,(mz) = Far,(m, +0.5) — Fpr.(m, —0.5);2=0,1

where F]\/]Z = FMZ,l X T, My + F]WZ70 X (1 — 7T17M1).

We sample M. using Fyy,(M./) ~ Unif(0,1). Then, given M., we obtain M, using the
conditional CDF

Py (mzlma) = ) far(tmz)
t=0

o oz, (B, M)
fu, (me)
FMzJWz/ (mz + 05, T + 05) — FMzJWz/ (mz + 05, m,r — 05)
Far, (mar + 0.5) — Far, (mar — 0.5)
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using the fact Fy;, (M,|m.) ~ Unif(0,1).

The densities far, a7, (M, m./) can be computed in the same manner with Assumption 4.
2. Compute f pr,(y) via Monte Carlo integration using the L sets (M, M) as follows
fimp(y) = /fl,Mo(y|m07 m1) far,a, (Mo, My )dmodm,y
x /exp{sgn(d) log xyI(|d| > €)} f1,ar, (y|mo, m1) fare,nr, (Mo, m1) dmodm, (A 2)

— [ explsentd) log xuT(d] = 0 uan (olmo) Fosgn (o, ms) dmods (4 3),

where A’ corresponds to *Assumption’.

To compute f1 r, (y|mo),

7 o (L= m0) Y far vy (My = mo|Yia, = )
Jar (My = myg)

Jian (ymo) =
where
Sorys (My = mo|Yia, = y) = Fay y(mo +0.5) — Fapy g (mo — 0.5)

and
Jar, (My = mgo) = far, vi (My = molY1 0, = 1) Xm0+ fanys (My = mo|Yia, = 0)X (1= s, )-

3. Compute the direct and indirect effects using 71 g, — 70,3, and 71 ar, — 71,01, Where my py, =

fl,Mo(l)'

Implementation of Dirichlet process priors for the TOURS data in WinBUGS (Step 2 of the

sampling algorithm in Section 3)

We use the following construction of the Dirichlet process parameters for implementation in Win-
BUGS,
i—1

v ~ Beta(1, K,), m = %H(l — M)
1=1



0; ~ W. x Betajg ss0) (12, f12) + (1 — W) x Betajg ss0) (22, f2:),

M
Gz = Zﬂ'l'dgi and sz,y(mz|YZ’Mz = y) ~ Gz
=1

where the precision parameter &, has a uniform prior, DiscUni f[1,20].

Since the mediator takes values in [0,350], we specify

M
A =Q(6;) and G. =) _mdy,

i=1

where function @ : (0,350) — (—0.5,350 + 0.5).

We then specify

ot y(me|Y p, = y) ~ Poisson(Ag),
where S ~ categorical (7, 7o, -+ , Tk).

Comparison of posterior variances with and without Assumption 5

a) Without Assumption 5

First note that

EY1 Y1 M) = /p(Yn = 1,Y10 = 1lmg, mq) f(mo, m1)dmodm,

where p(Y1; = 1, Y10 = 1|mo, m1) = p(Yio = 1|Y11 = 1,mg, mq)p(Y11 = 1mg, mq).

Now, assume p(Yy; = 1|mg,m;) > 0 and a non-negative correlation between Y7; and Y,

given mg and m;. Then the correlation between Y3; and Y7, conditional on (mq,myg), 6, is

E(YioYi1|mo, m1) — E(Yio|mo, m1) E(Y11|mg, mq)

0 —
Vp(Y10 = 1mg,m1)(1 — p(Yio = 1lmo, m1))\/p(Yi1 = 1|mo,m1)(1 — p(Yi1 = 1|mg, m1))
_ p(Yio = 1, Y11 = 1img, m1) — p(Yio = 1|mg, m1)p(Yi1 = 1jmg, mq)
Vp(Y10 = 1mg, m1)(1 — p(Yio = 1lmo, m1))\/p(Yi1 = 1|mo, m1)(1 — p(Yi1 = 1|mog, m1))
>



Note that

p(Yio = 1, Y11 = 1|mg, my) = p(Yio = 1jmo, m1)p(Y11 = 1lmg,m1) + 0 X s.d.(Yi0)s.d.(Y11)

where

5.d.(Yi0) = /p(Yio = 1|mo, m1)(1 — p(Y1o = 1]mg, m1))

and Sd(Yil) = \/p(Yil = Hmo,ml)(l _p(YiI = 1\m0,m1)).

This can be re-expressed as
p(Yip = 1,Y11 = 1lmg,m1) = exp{sgn(d)logxI(|d| > ¢)}p(Yi1 = 1|mg,m1)* + 0 x s.d.(Y0)s.d.(Y11)
Using these results, the variance of the NIE without assumption 5 is

Var(NIE) = E(Y2y,) = 2B(YVianYin) + E(V2y,) = {E(Vian) — Vi)Y

= BOu) + B0y — (B (Vi) — E(Ving)}? — 1L n
where C1 = 2 [ exp{sgn(d)log xI(|d| > €)}p(Yi1 = 1|mo, m1)?f(mo, m1)dmodm,

+2f€ X s.d.(Ylg)s.d.(YH)f(mo,ml)dmodml.

b) Under Assumption 5

E(Y1,M1Y1,M0) = /p(Yn =1,Y = 1’m07m1)f(m07m1)dmodm1

where

p(Yi1 = 1,Y10 = 1mg,m1) = p(Yio = 1mo, m1)p(Y11 = 1lmg, m1)

= exp{sgn(d)log xI(|d| = €)}p(Yi1 = Lmo, m:)*

since 6 = 0.



Using this result, the variance of the NIE with assumption 5 is

Var(NIE,) = E(Y{y,) = 2EVianYian) + E(Vy,) = {EVian) — E(Yia)

= B + B0 — (EVian) — B(Vian)Y - C2. ©
where C2 = 2 [ exp{sgn(d)log xI(|d| > €)}p(Yi1 = 1|mo, m1)?f(mo, m1)dmodm,

¢) Comparison of Var(NIE) with and without Assumption 5

Comparing (2) and (1), the difference is C1 - C2,

Cl = 2/exp{sgn(d) log xI(|d| > €)}p(Y11 = 1]m0,m1)2f(m0,m1)dmodm1
+20/S.d.(leo)S.d.(Yvn)f(mo,ml)dmodml

> 2/exp{sgn(d) log xI(|d| > €)}p(Y11 = 1|m0,m1)2f(m0,m1)dm0dm1

= (2

which is non-negative. Thus, variance of NIE without Assumption 5 has a smaller variance;

Var(NIE) < Var(NIE,)

The difference in the variances, A, is given as

A= 2/0 X s.d.(Ym)s.d.(YH)f(mo,ml)dmodml

where 6 is bounded as below (since binary responses),



E(YioY11|mo, m1) — E(Yio|mo, m1) E(Y11|mo, ma)
5.d.(Ya0)s.d.(Yar)
VEYmo, mi) E(Y|mo, m1) — E(Yao|mo, my) E(Yiime, m1)
5.d.(Yao)s.d.(Yar)
V(Yo = 1|mg, m1)p(Yiy = 1|mg, m1) — p(Yio = 1|mg, m1)p(Yir = 1|mqg, m1)
s.d.(Y10)s.d.(Y11)
vexp{sgn(d)log xI(|d] > €)}p(Y1 = 1|mg, m1) — exp{sgn(d) log xI(|d| > €)}p(Y11 = 1|mg, m,)”
5-d.(Yo)s.d (Y1) |

IA

Cauchy-Schwarz inequality

Thus, the difference in the variances, A is bounded by

A< 2/ \/exp{sgn(d) log xI(|d| > €)}p(Y11 = 1jmg, m1) f(mo, m1)dmedmy — C

where C = 2 [ exp{sgn(d) log xI(|d| > €)}p(Y11 = 1|mq, m1)?f(mg, m1)dmodm,.



e =50 e=175 e =100
NIE s.d. NIE s.d. NIE s.d.
By =0 Our Approach | 0.02455 | (0.03622) | 0.03368 | (0.04082) | 0.03875 | (0.03986)
2 Truth 0.02455 | (0.03622) | 0.03368 | (0.04082) | 0.03875 | (0.03986)
B, =128 Our Approach | 0.00474 | (0.04417) | -0.00087 | (0.04501) | 0.00409 | (0.04183)
2 ' Truth 0.00177 | (0.04368) | -0.00403 | (0.04514) | 0.00129 | (0.04191)
B, = 2.56 Our Approach | -0.0179 | (0.04248) | -0.0178 | (0.03350) | -0.02869 | (0.04039)
2 ' Truth 0.00391 | (0.03880) | 0.00600 | (0.03192) | -0.00611 | (0.03896)
B, =512 Our Approach | -0.0594 | (0.03797) | -0.06551 | (0.03551) | -0.06397 | (0.03306)
2 ' Truth 0.00297 | (0.02773) | -0.00174 | (0.02825) | 0.00079 | (0.02548)
x = 1.15
e =50 e=175 e =100
NIE s.d. NIE s.d. NIE s.d.
By =0 Our Approach | 0.01467 | (0.03780) | 0.02216 | (0.04802) | 0.01889 | (0.04031)
27 Truth 0.01467 | (0.03780) | 0.02216 | (0.04802) | 0.01889 | (0.04031)
B, = 1.28 Our Approach | -0.0002 | (0.03862) | 0.00107 | (0.04567) | -0.00009 | (0.04262)
2 ' Truth -0.0021 | (0.03843) | -0.0012 | (0.04636) | -0.00323 | (0.04163)
B, = 2.56 Our Approach | -0.0165 | (0.03926) | -0.0187 | (0.03908) | -0.0109 | (0.03783)
2 ' Truth 0.00300 | (0.03686) | 0.00256 | (0.03600) | 0.00825 | (0.03615)
By = 5.12 Our Approach | -0.0514 | (0.03916) | -0.04969 | (0.03220) | -0.05916 | (0.03771)
2 ' Truth 0.00962 | (0.02924) | 0.00618 | (0.02685) | 0.00387 | (0.02852)
x =13
e =50 e=175 e =100
NIE s.d. NIE s.d. NIE s.d.
By =0 Our Approach | 0.02130 | (0.03894) | 0.02525 | (0.03825) | 0.01915 | (0.04160)
2 Truth 0.02130 | (0.03894) | 0.02525 | (0.03825) | 0.01915 | (0.04160)
B, = 1.28 Our Approach | 0.00496 | (0.03838) | 0.00461 | (0.03691) | 0.00234 | (0.04001)
2 ' Truth 0.00219 | (0.03773) | 0.00196 | (0.03654) | 0.00032 | (0.03999)
B, = 2.56 Our Approach | -0.0144 | (0.03774) | -0.01166 | (0.03997) | -0.0199 | (0.03817)
2 ' Truth 0.00073 | (0.03478) | 0.00551 | (0.03775) | -0.00331 | (0.03585)
B, =512 Our Approach | -0.0441 | (0.03793) | -0.0505 | (0.03956) | -0.05176 | (0.03613)
2 ' Truth 0.01152 | (0.02766) | 0.00610 | (0.02739) | 0.00337 | (0.02708)
X =2
e =50 €e=175 e = 100
NIE s.d. NIE s.d. NIE s.d.
By =0 Our Approach | 0.01232 | (0.04111) | 0.00833 | (0.03779) | 0.00521 | (0.04101)
27 Truth 0.01232 | (0.04111) | 0.00833 | (0.03779) | 0.00521 | (0.04101)
B, =198 Our Approach | 0.00771 | (0.03972) | 0.00303 | (0.04294) | 0.00465 | (0.03973)
2 ' Truth 0.00604 | (0.03928) | 0.00180 | (0.04345) | 0.00281 | (0.03946)
B, = 2.56 Our Approach | 0.00816 | (0.03882) | 0.00890 | (0.03668) | -0.00095 | (0.04633)
2 ' Truth 0.01495 | (0.03492) | 0.01692 | (0.03643) | 0.00850 | (0.04278)
By = 5.12 Our Approach | -0.0057 | (0.04179) | -0.0109 | (0.04189) | -0.01423 | (0.03841)
2 ' Truth 0.02563 | (0.03110) | 0.02613 | (0.02833) | 0.01954 | (0.02792)

Table 1: Simulations to assess sensitivity of estimate of NIE to violations in Assumption 3: n=120




