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Summary

We model sparse functional data from multiple subjects with a mixed-effects regression spline. In this
model, the expected values for any subject (conditioned on the random effects) can be written as the sum
of a population curve and a subject-specific deviate from this population curve. The population curve
and the subject-specific deviates are both modeled as free-knot b-splines with k and k' knots located at
ty and ty/, respectively. To identify the number and location of the “free” knots, we sample from the
posterior p (k, ty, k', txr|y) using reversible jump MCMC methods. Sampling from this posterior distribution
is complicated, however, by the flexibility we allow for the model’s covariance structure. No restrictions
(other than positive definiteness) are placed on the covariance parameters ¢ and o2 and, as a result, no
analytical form for the likelihood p (y|k, tx, k', tr/) exists. In this paper, we consider two approximations
to p(ylk,tk, k', tg) and then sample from the corresponding approximations to p(k, tg, k', ty|y). We also
sample from p(k, tg, k', tx, 1, 0%|y) which has a likelihood that is available in closed form. While sampling
from this larger posterior is less efficient, the resulting marginal distribution of knots is exact and allows us
to evaluate the accuracy of each approximation. We then consider a real data set and explore the difference

between p(k,ti, k', ti, 1, 0?|y) and the more accurate approximation to p(k, tx, &k, ti |y).
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1 Introduction

Social and physical scientists are often interested in how certain variables depend on one another. They
often assume that a functional relationship exists between these two variables, and they run experiments or
collect samples to learn about this relationship. They are aware, however, that the data does not follow a

deterministic equation, but follows the general stochastic equation
Y = f(z) +e (1)

where Y is a dependent variable, x is an independent or controlled variable, and € is random error with mean
0. One of the simplest models relating a response, Y, to a single predictor, z, is the p** —order polynomial

regression model

p
Y(,T) = ﬁo =+ Z ﬁjxj + €.

j=1
While this model is appealing and can be very useful, it may be inadequate since it assumes that only one
polynomial describes the average relationship between Y and z. A more complex model would allow several
polynomials to do this. An example of such a model is a piecewise polynomial regression spline. A piecewise
polynomial regression spline with k knots divides the domain of f(z) into k& + 1 mutually exclusive regions,
and to each region corresponds a unique polynomial describing the average relationship between Y and z.
With different polynomials describing different parts of the function, f(x) is not restricted to have the same
smoothness throughout its domain. A piecewise polynomial regression spline of order p with k& knots at

ty = (t1,to,...,t;) is written as

k p
f@)=Po+ Bz + Y (&=t Bri + Y Braja, (2)

i=1 j=2

where 3 = (80, 81, - .., Bptk) is a fixed set of parameters and (z)" = 2”I(z > 0).
A natural polynomial regression spline takes a form nearly identical to the piecewise regression spline
seen above. It is different, however, in that it restricts the function to be linear at the boundaries. This sets
the last term on the right-hand side of (2) to 0. A natural polynomial regression spline of order p thus takes

the form

k
f@)=Bo+ B+ (x—t) By

i=1

If f (x) were modeled as such, (1) could then be re-written as

Y(z) =c(ztr) B +e



where c¢(x,t;) = (1,90, (x — tl)ﬁ N tk)ﬁ) and 8 = (Bo, f1,02,---,01+k), and for m observations
collected at (x1,x2,...,%y), it would be written as
Y (J,'l) C(,Tl,tk) €1
Y (z2) c(zg, ty) €2
Y (x) = : - : s+l . |- (3)
Y () c(zpm, tr) €m

The natural polynomial regression spline written in Equation (3) illustrates the concept behind splines,
but the design matrix composed of the row vectors ¢ (z1,tg),...,c(2m,tr) is unstable and thus rarely
used. B-splines, which are computationally more stable, are preferred (Hastie and Tibshirani, 1990; Zhou
and Shen, 2001). The functional form of a b-spline is more complex than that of the natural polynomial

regression spline, but is readily available (deBoor, 1978). We write it as

f('r) = b(Iatk)av

where b(x, t;) is the design vector associated with a b-spline evaluated at z with k knots at tx, = (¢1,t2,. .., k),
and « is a fixed set of parameters. For m observations collected at (x1, ..., 2;,), the model would be written
Y(J,'l) b(acl,tk) €1
Y(.IQ) b(IQ,tk) €2
Y (x)= ) = ) a+ .
Y () b(Zm, tx) €m

With this model, estimating f(x) becomes a problem of estimating the number of knots, k, the locations of
those knots, t, and a.

A variety of methods have been developed in estimating k and t;. Halpern (1973) approached this
problem using Bayesian methods. Allowing knots to only be placed at the design points in the experiment,
he considered all of the subsets of the design points. Halpern assigned prior probabilities to all of these
subsets, and calculated the corresponding posterior probabilities of these subsets. His estimator of the
function was based on these posterior probabilities. Denison, Mallick, and Smith (1998) placed priors on the
number of knots, k, and their locations, t;. With these priors, they calculated a joint posterior distribution
which included the variables k and t; and then sampled from this posterior distribution using reversible jump
MCMC methods. They too restricted the knots to be located only at the design points of the experiment.
DiMatteo, Genovese, and Kass (2001) proposed a method similar to that of Denison, et al. They did not
restrict the knots to be located only at the design points of the experiment and they penalized models with

unnecessarily large values of k£ by averaging over the fixed effect coefficients, a.



Friedman (1991) and Stone et al. (1997) try to solve the problem of knot selection using backward and/or
forward knot selection. This process continues until the “best” model has been identified. Zhou and Shen
(2001) used an alternative method in identifying the locations of the knots. They constructed an algorithm
which favored adding knots in locations where several knots had already been added. Lindstrom (1999) used
similar methods when selecting knot locations.

Splines have also been used to model curves that vary within and between subjects (Shi et al., 1996,
Rice and Wu, 2001, Behseta et al., 2005, Crainiceanu et al., 2005). Brumback and Rice (1998) use splines
to model nested functions which vary between subjects and between groups of subjects. Functional models

which only account for variation between and within subjects take the general form

Yi(zj) = fi(zj) + e

= f(zj) +Gi(z)) + €, (4)

where Y; (z;) is the observation of the i'" individual at z;, f (z) can be thought of as a population curve,
and G; (z) is a random curve specific to subject . While these functions can be modeled in a variety
of ways, we model these two functions as free-knot b-splines with & and &’ knots located at t; and tg,
respectively. Setting f(x) = b(x;tg)a and G;(z) = b(x;ty)y;, where 7; are independent random vectors

such that v; ~ N(0,X,), equation (4) becomes

Yi(x;) = b(xj; te)a + bz tr)vi + €. ()
Bigelow and Dunson (2007) consider a variation of this model and identify the location of the knots by sam-
pling from the full posterior distribution. They lessen the computational burden of this sampling procedure
by setting ti» = t; and restricting 3, to be diagonal. In this paper, we consider a more flexible model
and explore the computational issues associated with it. To be more specific, we eliminate the restrictions
imposed by Bigelow and Dunson and then try to identify the number and location of the knots by sampling
from p(k,tg, k', trs|y). This posterior can not be sampled from exactly, however, because eliminating the
diagonal restriction on X, makes the likelihood p (y|k, tx, k', ty) intractable. We thus sample from two ap-
proximations to this posterior; each approximation corresponds to a different approximation to the likelihood
p (ylk, tr, k', tr). To assess the accuracy of these approximations, we compare the posterior distribution of
knots in each case to the marginal distribution of knots when sampling from p(k, ty, k', ti, ¥, 0%|y), where
1 is a set of covariance parameters and o2 is the within-subject variability. The marginal distribution of

knots when sampling from this higher-dimensional posterior is exact as its corresponding likelihood is avail-



able in closed form. Sampling from this larger posterior, however, is less efficient because of the additional
parameters that need to be sampled.

In Section 2, we discuss the linear model given in (5) in more detail. In Section 3, the likelihood of
interest, p(ylk,tr, k', tx), is discussed as are the two methods we use to approximate this likelihood. Section
4 shows the algorithm used to sample from the resulting approximate posterior distributions, and Section
5 shows the algorithm we use to sample from p(k, ty, k', ti, 1, 02|y). Section 6 theoretically compares the
approximations, and in Section 7, we describe a simulation study performed to explore the differences in

these approximations. In Section 8, we apply the preferred approximation to a real data set.

2 The model and priors

Let Y; (z;) be the observed value of the it" curve (i = 1,...,n) at z;. We specify the following mixed model

for functional data,

K(:EJ) :b(Ij,tk)Oz—l-b(:Ej,tk/)"yi+Eij, (6)

where b(z;,t,) is the design vector of a b-spline with ¢ knots at ty, k is the number of fixed effect knots at
locations ty, k' is the number of random effect knots at tg/, « is a fixed set of parameters with dim («) = k+2,
~; are independent and identically distributed random vectors such that v; ~ N (0,%,) and dim (y;) = k¥’ +2,
€;; are independent random variables with €;; ~ N(0,0?) for all pairs (4, j), and the random vectors ~; are
independent of all random variables €;;. The appealing feature of this model is its flexibility; recall that no
restriction is being placed on 3, (other than |X,| > 0), and that the random and fixed effect knots are not
set equal to one another. We do assume, however, that all individuals have the same random effect knots,
and that &’ < k. When the number of observations per subject is small, such assumptions are needed, as
they limit the number of complicated models proposed in the Markov chain we consider.

We place prior distributions on k, k', ty, ti, o, X, and o2. Poisson priors are given to k and k'
Additionally, since there is no reason to favor knots at any particular location on the domain of f and G,

flat priors are placed on both t; and t;/. These priors are written as
k ~ Poi (ux) , p(tg|k) I (a <lg) <tpa) < <tpr) < b) ,
k/“{? ~ Poi (,UJk/)H(k/ < k), p(tk/| k/) ox I (CL < tk:/(l) < tk’(2) <0< tk:/(k’) < b) ,

where ¢, is the j' smallest knot in the vector t4, and (a,b) is the domain of f and G.



For ¥, and o2, we place prior distributions on transformed values of these parameters. The transfor-
mations we consider create a set of unconstrained parameters which are preferable to work with since their
sampling distributions can be well approximated with the normal density. For 3, we applied the modified
Cholesky parameterization proposed by Pourhamadi (1999). Pourhamadi decomposes the inverse of the

covariance matrix X, as X7 L' = TDT’, where

1 0O 0 - 0 ,
0 0
—¢2,1 1 0 e 0 001 o2 0
T—=| %31 —¢32 1 e 01, and D= ? ,
: B : 0o --- 0 2
_(bp.,l _¢p,2 e _(bp.,pfl 1 Up

These parameters can be calculated directly from the elements of the covariance matrix using the func-
tions g (-;-) and h(s-), where o = g(S;5) = 2, [5,j] — 0} oy for 2 < j < p (of = ,[1,1]),
;= (¢j71,¢j72,...,¢j7j_1)/ = h(Ey;j) = X aj, ¥, ; is the minor matrix within 3, composed of its
first 7 — 1 columns and rows, and o; is the vector within ¥, composed of the first j — 1 elements of the gth
column. To ease our notational burden, we will refer to these modified Cholesky parameters collectively as
¥, where 1 = (¢2,1,10g(0%), ¢3,1, ¢3,2,10g(03), . . ., log(03)), and we will replace the symbol ., with ¢ (or, to
illustrate that 3, is a function of ¢, with X (¢))). All of the elements in the vector 1) are unconstrained, and
a multivariate normal unit-information prior is assigned to them. The mean of the unit-information prior

on 1 is the maximum likelihood estimate of the parameters, 1&, and the variance is inversely proportional to

approximately one unit of information on 1. The prior can be written as

-1
w'tkutk’ ~ MVN ('l/;,_ [m‘[w} ) )

_ 0?log{p (ylk, te, k', tar, a, 00, 07) }
'Y odpbiotst

p(ylk, tr, k't , o, b, 02) is the distribution of all the observed data in the study, n is the number of subjects

where

in the study, and &, 1/3, and & are the maximum likelihood estimates of «, 1, and o, respectively. The exact
formula for I, is given in the Appendix.

For 02, a unit-information prior was placed on log (o). The prior can be written as

—1
1 n
log ‘ tk, ti ~ N | log(é (E Z k+2 Ilog(gz) ) ,

where

82 log {p(yl|k7 tka kla tk’u «, 1/17 02)}
9 (log(02))*

Ilog(Uz),i =

)

a=a,p=1),0=6




and m; is the number of observations for subject i. The exact formula for oz (,2),; is given in the Appendix.

The prior placed on « is another unit-information prior and can be written as

—1
- 1
thty ~ MVN |6, — [ =S —1,, ,
altete o (13

i=1 "

where
82 log {p(yl|kutk7 k/,tk/,Oé, 1/17 02)}

Ioc T —
’ I5Jads e

a=d,yp=1p,02=52

The exact formula for I, ; is given in the Appendix.

Kass and Wasserman (1994) and Pauler (1998) defend the use of unit-information priors, especially in
the context of model selection. They show that when using such priors, the resulting Bayes factors can
be well approximated with the Bayesian information criterion. Although centering unit-information priors
at the maximum likelihood estimates has been suggested in Bayesian adaptive regression splines (Paciorek,
2006), the final results presented in this paper were not sensitive to the means selected for these three prior
distributions.

Estimating the fixed and random effect functions now becomes a problem in estimating k, tx, k', and t-.
We do this by sampling from the posterior distribution p (k, tx, k¥, tir |y). While this procedure is intuitively
appealing, a problem arises since the likelihood p (y|k, tx, k', trr) can not be calculated analytically. We

consider two approximations to this likelihood in the next section.
3 Approximating p (y|k, ty, k', ti)

The likelihood of interest can be expressed as

p(y|katkak/atk/) = / //H|:/ p yl|katk7k/7tk’ao‘a’yiao'2)p(’yi|w)d7i
plaltr, te)p (Y[t trr) p (0% [tk brr) dadipdo®

// (yilk, . K b, 00, 0%) p (VIK tar) p (07 |tk b1 ) dipdo, (7)

where



D (Yt s, 0%) = AT ET@m) % [BrS ()Bh, +0%Ln,| 2 [Sal  x

3

1 [ _
exp (‘5 <Z yi (Br,Ey(¢)Bl, + 0°In,) Lyt axgta— d’Ad>> , (8)

i=1
d = A! z": By (Br, 24 (¢)Bg, + azlmi)_1 yi + 3 a
i=1
A = iB% (Br, 2+ (v)BR, + 0217711-)71 Br, +2,°,
i=1
Br, = (b (z1,;t) b (z2,;t6) ..., b (xp,; tk)/)l ,
Br, = (b(zite) b(za;te) . b (@m;te))
x; = (x1,,22,,...,%m,) is the vector containing the z—values corresponding to subject i, n is the total

number of subjects (curves) in the study, and m; is the total number of observations for subject 3.

The integral in (7) can not be calculated analytically. We thus explore two different approximations
to p(y| k,tr, k', tr). The first simply plugs in the maximum likelihood estimate of 1) and 2. The second
approximates (7) using a Laplace approximation.

The first approximation that we consider estimates p (y|k, tx, k', ty/) with

p (ylkatku klutk’aqﬁ (tkatk’) 76-2 (tkatk’)) 3

where 1) (tx,trr) and 62 (ty, ty) are the maximum likelihood estimators of ¢ and o2 corresponding to the
model with fixed effect knots at t; and random effect knots at tg. The dependence of these maximum
likelihood estimators on (tg,ty) will be suppressed, and the estimators will now simply be denoted as z/AJ
and 62. We refer to this likelihood approximation as the “plugged-in” approximation and denote it as
PPlugged In(Y|k, tr, k', tr ). Although this approximation ignores the penalty from increasing the dimension
of 1, it is computationally inexpensive and is similar to the methods employed by Taplin (1993), Draper
(1995), Raftery et al. (1996), and Dominici et al. (2002). They approximate marginal likelihoods by plugging
in the maximum likelihood estimates of the nuisance parameters that can not be integrated out.

An alternative, but computationally more complex approach, is to integrate out 3 and o? using an
approximation method. We use a Laplace approximation to estimate p (y|k, tx, k', trr). The approximate
likelihood is given by

dim 1

. ao dim(D)+1 )~ 7 5 .
Plaplace (y|k7tk7klvtk’):p(y|k7tk7klvt;ca¢aa2)(2ﬂ-) 2 ‘COV (1/),10g (02)) ’

)




where

)

o (&,log (&2)) _ <52 log {p(ylk, tr, K, tr, o, ¢, 02);29(0<|tk)29(¢|tk=tk/)P(O’zltkatk')} ) B

9 (¢,1og(a?)) 9 (¢, log(a?)) )
a=a,p=1), o2=62
and dim(¢) = (k' +3)(k’+2)/2. We chose the unconstrained parameterization for ., ¢, and o2, log(c?), to
make this Laplace approximation more accurate. The optimal parameterization is an area of future research.
Calculating Cov (1/3, log (62)) makes the computational expense of the Laplace approximation greater than
that of the “plugged-in” approximation; the matrix of second derivatives takes time to compute and can be
numerically unstable when dim(v) is large and the total number of subjects, n, is small. We still expect,
however, that the Laplace approximation will be more accurate than the “plugged-in” approximation. A

major question of interest addressed in this paper is whether the Laplace’s gain in accuracy is worth its

computational cost.
4 Sampling from p(k,ty, &', ti|y)

The two likelihood approximations induce the following approximations to the posterior p(k, tg, k', ty|y).

Let

ﬁPlugged In (ku tk7 kla ty |y) o8 ﬁPlugged In (y|/€, tk7 kla tk’)p(ku tk7 kla tk’)

and

ﬁLaplaCe(ka tku klu tk’ |y) X ﬁLaplaCe(y|k7 tku klu tk’)p(ka tku klu tk’)'

To sample from these posterior approximations to p(k,ty, k', tx/|y) (which we denote as p(k, tx, &', tr|y)),
we use reversible jump MCMC methods. Reversible jump MCMC methods (Green, 1995; DiMatteo et al.,
2001) can be used when sampling from a distribution of a random variable § and dim (). In this particular
case, the dimensions of the vectors t; and t; vary with the values of k and k'.

Rather than sampling the fixed and random effect knots together in one MCMC iteration (which re-
sults in very low acceptance rates), we sample from the posterior p (k, tx, k', tz/|y) using a Gibbs Sampling
type algorithm. In the algorithm, one value of the pair (k,t;) is sampled from p(k,tg|k’, tr,y) using the
Metropolis-Hastings algorithm. Conditioned on this sampled pair of (k,tx), a pair (k¥', tx/) is sampled from
p(K',trr |k, tr, y) using identical Metropolis-Hastings methods. This algorithm is given below, and will be

referred to as Algorithm I.




Algorithm I.

Repeat the Following Steps:
1. Call the current set of knots (koldvtkoldakéldvtkgld)
2. Sample from ﬁ(k,tﬂk(’)ld,tkgld,y)

(a) Propose a move for the fixed effect knots. Accept with probability

PFixed =

P]ump (kncvw tkncw — koldv tkold | ké)lda tkgld) ﬁ (kncwa tkncw | ké)lda tkgldv y)

min | 1
PJump (k01d7 tkold B knewa tknew| ké)lda tkgld) ﬁ (k()ldu tk01d| ké)ldu tkgld ) y)

3

where Pjymp (kOId’tkold — kncw’tkncw|k(/)ld7tklld) is the probability of jumping

from (kola,tk.,,) t0 (Kknew,tk,.,) conditioned on the current value of (K tj).

(b) If not accepted, change (knew,tk,.,) to the older values (koud,tr,,)-
3. Sample from p (K, ti|knew, thpews V)

(a) Propose a move for the random effect knots. Accept with probability

PRandom =

knew, tkncw) P (k;mvw ty

new

/ A /
PJump (kold7 tk’ a - kllnew7 tkfww‘ kﬂ6W7 tknew) p (kold7 tkgld

ol

!/ !/
PJump (knewv tk(}ew - kOld’ tkéld

knewu tknew ) y)

min | 1,
knewa tknew ) y)

where Prymp (ké)ld,tk/ld — K ows b
o

news “Kpew

knew,tknew) is the probability of jumping

ne

from (kéld,tkgld) to (kfew,trr ) conditioned on the current value of (k,t).
(b) If not accepted, change the value of (k{mw,tk/ ) to the older pair

new
/
(kolda tkgld) .

4. Identify the new set of knots (Kknew,tr.,:Khews bk, ) as (k()ld?tkold?ké)ld’tk;ld)'

new ’

The jump probabilities and details of this algorithm (including derivation of the acceptance weights) are

given in the Appendix.

10



5 Sampling from p(k, ty, k', ty, ¥, 0?|y)

An alternative way of sampling from the posterior distribution of (k,tx, &, ty/) is to sample from the joint
posterior distribution which contains both the covariance parameters, (¢ and ¢?), and (k, tg, k', ts/). This
posterior is written as p(k, tx, k', tx, 1, 0%|y). Although sampling from this posterior is expected to be less
efficient than sampling from the approximations to p(k, ty, k', t;s|y) (¢ and o have to be sampled in addition
to (k,ty, k', ty)), the posterior sample will be exact since p(y|k, ti, k', tir, 1, 0?) can be calculated (see (8)).
The resulting posterior sample of knots will also allow us to evaluate the accuracy of the two approximations
proposed in Section 4. The accuracy of the approximations will be judged by comparing the distribution
of (k,tr, k', tr) when sampling from praplace(k, ti, &', tir|y) and ppiugged—in(k, tr, K, tir|y) to the marginal
distribution of (k, t, k', t;) when sampling from the “true” posterior p(k, tx, k', tzs, 1, 0%|y). The algorithm

used to sample from p(k, ty, k', ty, 1, 0?|y) is given below, and will be referred to as Algorithm II.

Algorithm II.

Repeat the Following Steps:
1. Call the current set of knots and the current value of 1 and o2 (ko]dvtkoldvkéldvtkgld7w01d70c2)1d7)
2. Sample from p (k,tk, |kgld,tk;1d,z/101d,a(2)ld,y)

(a) Propose a move for the fixed effect knots. Accept with probability

PFixed =

/ 2 / 2
PJUHIP < kneW7 tkncw - k01d7 tkold | kold7 tkgld’ wold7 Uold) p < kllevw tkncw | kold7 tkgld 3 w01d7 Oold>s y)

min | 1, ,

/ 2 / 2
P.Iump < kola, tkold — Knew, thnew | kold7 tkgld’ 7/’01(17 Gold) p (koldy tkold | kold’ tkgld ) woldy [2SER) y)

where Prymp (kold,tkold — knew,tknew|kgld,tkgld,wold,agld) is the probability of jumping

from (kow,tky,) t0 (Knew,bk,.,) conditioned on the current value of (K, ti,1,0?).

(b) If not accepted, change (knew,tk,.,) to the older values (Koud,tr,,)-
3. Sample from p(k',tk/,d),02|kncw,tkncw,y)

(a) Propose a move for the random effect knots, v, and o2. Accept with probability

PRandom > Where PRrandom =

11



new
new

/ 2 ’ 2
min (1 PJUYHP < Knew, trr s 1/1ncm Onew kold7 tkéld’ woldv Uold’ Enew, tknew) p (k[,mw, trr Unew, Ur21cw| Knew, thnew y)
1

kneW7 tkncw ) y)

b
/ 2 / 2 / 2
PJump <k01d7 tkgld 5 ¢01d7 014 > kncw7 tk;]ew 3 wneW7 Thew knevw tkncw> P <k01d7 tkgld 3 wold7 0314

and Pyymp (kéld,tkéld,wold,ogld — ks th s Unews Oow knew,tknew) is the probability of

new

jumping from (kéldatk’ldﬂ/’oldaagld) to (k{mw,tkz 7¢neW70§cw) conditioned on the current

new

value of (k,ty).
(b) If not accepted, change the value of (k’ tr 7¢neW70§cw) to the older pair

new’ "k ow
/ 2
( Old,tkglda%ld’%ld)-

: / 2 / 2
4. Identify the new set (knCthkncwvknewatk;ewv¢ncv\/a0new) as (koldvtkoldvkoldatkglda¢oldvUold)-

The jump probabilities and details of this algorithm are given in the Appendix.

Note that Algorithm II is nearly identical to Algorithm I with the exception of Step 3. In Step 3
of Algorithm II, new values of ¥ and o2 are proposed in addition to new values of k' and ty. To be
more specific, the candidates of 1) and o2 (conditioned on the candidates of k&’ and t;/) are proposed from
a multivariate normal distribution with covariance equaling Cov (1/3,10g(62)). Calculating this estimated
covariance matrix in Step 3 makes this algorithm’s computation time per iteration comparable to that of
Algorithm I when p(k, tx, k', ti|y) = Praplace(k, tx, &', tir|y). Although the computational cost of these two
algorithms are similar, we expect Algorithm IT to mix slower and have a lower acceptance rate, as it proposes

higher dimensional moves in Step 3.

6 A Theoretical Comparison of the Approximations and Algo-
rithms

To sample from the posterior p(k, ty, k', tr|y), three options have been proposed: (1) sample from ppig (K, t, &', tr|y)

using Algorithm I, (2) sample from prp, (k, tx, k', tir|y) using Algorithm I, and (3) exactly sample from
p(k,tr, k't 1, 0%|y) using Algorithm II. We refer to options (1), (2), and (3) as PLG, LP, and EX, respec-
tively. In this section, we theoretically justify why LP is preferred to PLG and EX.

While LP will take longer to implement than PLG (as calculating prp, (k, tg, &', ter|y) will take longer
than calculating ppig(k, tx, &', tir|y)), it is expected that PLG will result in unnecessarily large values of &’
We anticipate this positive bias in the number of random effect knots since the plugged-in approximation to

p (ylk, tx, k', ti) does not average over the random effect covariance parameters, 1; it simply plugs in the
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maximum likelihood estimate of 1. The tendency of PLG to estimate more random effect knots than LP

becomes clear after close examination of the ratio

ﬁ(k;lcwvtk' |knCWatkncw7y)

(9)

ﬁ(k(/)lda tkgld |knCW7 tkncw ’ y) ’

p k/ o 7t ’ knewvt new 7% .
calculated in step 3(a) of Algorithm I. In PLG, this ratio is calculated as Prie (e b, | g 18) and in

pPlg(kg1d7tkgld ‘knew !t‘kncw )y) ’

) . Do (Kot Knewstrnew 1)
LP, this ratio is calculated as ——nc™ Fnew RN Tnew Y T general, we expect
pLP(kold7tk;1d [Enew thnew ¥)

ﬁLp (k;mwa tk/ |kncvv7 tkncw ’ y) ﬁPlg (k;lcwv tk’ |knCW; tkncw 5 y)

new new

ﬁLp(kg]d7 tkéld |kncwa tkncw ) y) o ﬁPlg(k{)lda tk’ |kncv\/7 tkncw 3 y)

old

(10)

when k., > k! 4. If this inequality holds, then it does follow that PLG will over estimate the number of
random effect knots. In Theorem 1, it is proven that when (knew, thopew s Kl1as tk;ld) is the true set of knots,

the inequality given in (10) asymptotically holds.

Theorem 1. Let the true values of k,ty, k' and ti be kpew, tg k.4, and ty . respectively. If the four

new

conditions below are met, then as n (the total number of subjects) goes to oo,

new ne

Lo (Klrews b Enews thnew » Y) < PPz (Khews brr_ [Enews thuey s ¥)
ﬁLp (ké)ldu tk;ld |knewa tknew P y) B ﬁPlg (kgld, tk;ld |knewa tknew s y)

1.ty

old

C tay . with Koy > kg

2. mj, the number of observations recorded for individual i, is random and the random variables my, mo, ..., my,

are i.i.d. for alln.

4. X1,Xg,...,Xp are i.i.d. vectors, where x; = (le,xj2, e ,ijj) are the m; points in time at which

subject j is observed.

The proof of this theorem is given in the Appendix.

LP is not only preferred to PLG, but also to EX. The Markov chain resulting from LP converges to
the stationary distribution more quickly than that corresponding to EX. This is the case because, in LP,
transitions are only made in the space of the fixed and random effect knots. In EX, transitions are made
in the space of the fixed knots, the random effect knots, and the covariance parameters. The acceptance

probability of the chain corresponding to LP is thus expected to be larger than that corresponding to EX.
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While the arguments given in this section suggest that LP is preferred to PLG and EX, it is still of
interest to see how these options vary in practice. Of particular interest is to see the extent of the inequality
given in (10). If the bias in the number of random effect knots fitted by PLG is only marginal, it might be
the preferred option (since it is the easiest approximation to compute). To compare these three options, we

conducted a simulation study. This is the subject of Section 7

7 Simulation studies

The accuracies of the posterior distributions constructed using the two likelihood approximations were de-
termined using simulated data sets. Five data sets were simulated from two models at two different sample
sizes. Each model had the general form given in (5), but different values of k, ty, k', tyr and «. The specific

values of these parameters are given in Table (1).

Table 1: True Models Simulated From

Model 1 Model 2
tr (.35,2.3,2.4,3) (.2,.58,1,1.7,2.8)
ty (2.4) (.8,2.58)
a | (5,-5.5,1.4,-6.2,1,8) | (5,10,4,6,14.2, 10, 7)
E’Y 5 X I3><3 5 X I4><4
o? .5 .5

The population curve and five randomly sampled subject specific curves corresponding to each model are
given in Figure 1. The simulation experiments were performed at two different values of n (n = 25 and
n = 40, where n is the number of subjects). The subjects in all simulations each had 20 observations, 5
of which were randomly selected (m; = 5 for all 7). With such a small sample size per subject, it was not
feasible to smooth observations separately for each individual as has been done in previous work (Behseta
et al., 2005).

For each simulated data set, we sampled from pPpiugged (K, tr, &', tir|y) and Prapiace(k, tr, &', tr|y) us-
ing Algorithm I, and p(k, ty, k', ty, v, 0?]y) using Algorithm II. We refer to the posterior sample from
p(k,tr, k' ti, 1, 02|y) as the “truth” or the “true” posterior sample. The number of iterations for each chain
of Ppiugged (K, bk, k', trr|y) and Prapiace (k. ti, k', i |y) was at least 10,000, and for p(k, ti, &', tx, ¥, 0%|y) the
chains were twice as long. All chains were run using R 2.5.0, and the average time it took to complete 1000
iterations at n = 25 was 18 minutes for ppiugged m(k, tx, &', trr|y), and 54 minutes for prapiace(k, ti, &', tw |y)

and p(k,tx, k', te, 1, 0%|y). At n = 40 the average time it took to complete 1000 iterations was 30 minutes
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for ppiugged (K, tr, k', tir|y), and 78 minutes for prapiace(k, tr, &', tir|y) and p(k, ti, k', tw, ¥, o?|y). Conver-
gence to a stationary distribution did not seem to be an issue with any of the chains run. The distributions
of k and k' corresponding to each approximation and p(k, tx, k', tx, 1, 0%|y) are shown in Figures (2) - (5).
The captions of each figure also give the average acceptance rates for the plugged-in, Laplace, and “true”
chains. The acceptance rate of the Laplace chains are, in each case, higher than those for the “true” or
plugged-in chains. Figure 6 gives the posterior distributions of t; and ty for data simulated from model 1
at n = 25. The accuracy of the Laplace and plugged-in as shown in Figure 6 is similar to the accuracy seen
in data simulated from model 1 at n = 25 and from data simulated from model 2 at n = 25 and n = 40 (not
shown).

The marginal distributions of k' show that the Laplace method is more accurate than the plugged-in
method. In each case, the marginal distributions of k' for the Laplace method essentially matches the “true”
marginal distributions of £’. The plugged-in estimator greatly overestimates the true number of random effect
knots (see Figures 2 - 5). This is to be expected since both 1 and 0% were not averaged over (averaging
over the parameters would penalize vectors of 1) with large dimensions). The marginal distributions of ty
in Figure 6 also show that the Laplace method is more accurate than the plugged-in method. The posterior
distributions of tj corresponding to Praplace(k, ti, &', tir|y) and p(k,tg, k', ty, 1, 0%y) are essentially the
same. The posterior distribution of ti corresponding to Priugged—in(k,tr, &', tr|y) is far from the true
posterior distribution of t;/; the plugged-in method fits far too many random effect knots and thus can not
correctly identify their true locations. Thus, in terms of accuracy, the Laplace approximation is definitely
preferred to the plugged-in approximation.

The simulation results also suggest that sampling from prapiace(k, tx, k', txr|y) is preferred to sampling
from the exact posterior p(k,ty, k', txs, 1, 02|y). The distribution of knots corresponding to both posteriors
are very similar and the time per iteration is essentially the same. However, sampling from the exact
posterior requires that the nuisance parameters ¢ and o2 be sampled jointly with &’ and t; in Step 3 of
Algorithm II. The acceptance rate of Algorithm II is thus less than that of Algorithm I when sampling
from prapiace(k, tr, k', tir|y). The lower acceptance rate of Algorithm II also affected the mixing of the
chain. Figure 7 gives the trace plots of tys for the Laplace and true chains (for iterations 2000-3000) on one
(representative) simulated data set. From the plots in Figure 7, it is clear that Algorithm I (applied to the

Laplace approximation) explores the posterior distribution of tj. more efficiently than Algorithm IT does.
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8 Application

To gain further insight into how the Laplace approximation compares to the “true” posterior, we considered
a real data set and sampled from Prapiace(k, tr, k', tir|y) and p(k, tr, k', tx, 1, 02|y). The data set measures
the protein content of milk collected from cows who were on a barley diet (Diggle, 1990). Twenty-five cows
were in the experiment (n = 25), and milk was collected weekly from each cow for 19 weeks. Five observations
from each cow were randomly selected and the reversible jump MCMC algorithms were run on the resulting
data set. A plot of the data for all cows is given in Figure 8. Just as with the simulated data sets, 10,000
iterations of Algorithm I were used to sample from pPrapiace(k, tx, &', tx|y) and 20,000 iterations of Algorithm
II were used to sample from p(k,tx, k', txs, 1, 0%|y). The posterior distributions of k and &’ corresponding
to the Praplace(k, tr, k', tx|y) and p(k, ty, k', tx, 9, 0?|y) are given in Figure 9. The posterior distributions
of (k,tx, k', tx) corresponding to Prapiace(k, tx, k', tir|y) once again matches the marginal distribution of
(k,tr, k', t)) when exactly sampling from p(k, tx, k', trr, 1, o2 |y).

In addition to examining the two posterior distributions of knots, we also examine the two corresponding
posterior distributions of one randomly selected cow’s curve. Recall that the curve of one cow is the sum of
the fixed curve and that cow’s random effect curve. To sample one cow’s curve from the chain corresponding
t0 Praplace (K, tr, &', tir|y), values of 1) and o were sampled using an independence sampler. Conditioned on
these sampled values, a fixed effect curve was sampled, and conditioned on this sampled fixed effect curve,
a random effect curve was sampled. The algorithm used to do this requires a slight addition to Algorithm I.

This addition is noted below:

For each sampled set of knots, (k,ti,k’,ti), do the following:
1. For t=1:L (we set L =100)

(a) Sample the modified Cholesky parameters 1 and log (02) from

Cuafn ) (o )1 o))

where (&,&2) are the maximum likelihood estimates of the Pourhamadi parameters and

0% corresponding to the current set of knots, and I(@,log (62)) is their

information matrix evaluated at these estimates.
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(b) Accept this draw with probability

p(ylk.te kK tx,t 0 )p(w K by )p(a®")
§(¥7 log(02"))
p(ylk,tr Kt ,pt =1 o2 =) p(pt LK by )p(o 1)
E(yt=T log(02t~ 1))

min | 1,

where p (¢'|k/,tr) is the prior distribution of i evaluated at %', p(o>') is the prior
distribution of o2 evaluated at o2, and £ (¢, log (0c*')) is the multivariate normal

density given in step (a) evaluated at (¢, log(c%?)).

(c) If the move is not accepted, let 9! =!"! log(o??) =log(c?t~1)

2. Draw a fixed effect, o, from the conditional posterior distribution a|k,tk,k',tk/,2fy,02’t
where alk, ty, k', ty, 2L, 02t ~ MVN ((F’(le)’1 F'C1(Y,a) (F/C*F)’l),
F = (B’FI,B%Z,...,B}%,I;QJFQ)/, C is a block-diagonal matrix composed of the n matrices

{(Br. 2B, + 0T},

and the matrix — (% S miija-,i (d)) , Bp, and Bp, are defined

in Section 3, Y is all of the observed data, and & is the maximum likelihood estimate

of «.
ot

3. Draw a random effect, 7*, from the conditional posterior distribution 7|k,tk,k’,tk/,a*,2fy,02

where 7|k, ty, K ty, o, X!, 0% ~ MVN(XA), A =X!Bjy (Uz’tlmi)f1 (Y; —Bp,a*), and

n —1
A =3B { (6*1,,) " = (6*'1,,) Br, (% ZB}QBFi> Br, (0*'L,,)"" $ Br, X!
=1

This addition to Algorithm I slows it down only marginally.

To sample random effects from the chain corresponding to p(k, ty, k', tx, 1, 02|y), steps (2) and (3) given
above were just added to Algorithm II. In other words, a fixed and random effect curve were drawn for every
random effects covariance matrix drawn. Figure 10 shows the pointwise median curve for the selected cow
drawn for each chain, along with pointwise 95% credible intervals. The estimated cow-specific curves and

credible intervals for both methods are similar.

9 Discussion

We have proposed a flexible approach to model multiple curves using free-knot splines. To identify the num-
ber and location of fixed and random effect knots in this flexible mixed-effects regression spline, sampling

from Praplace(k; tx, k', tir|y) is highly preferred to sampling from ppiugged m(k, tr, &', ty|y) and marginally
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preferred to sampling from p(k, tg, &', tx, 1, 0%|y). The posterior sample corresponding to the Laplace ap-
proximation is more accurate than that of the plugged-in approximation. The disparity between the Laplace
approximation and the plugged-in approximation is most pronounced in the different number of random
effect knots fit to the simulated data sets. The Laplace method clearly seems to penalize models with un-
necessarily large values of k' more appropriately than the plugged-in method. In addition, as measured by
our simulations, the posterior based on the Laplace approximation is much more efficient to sample from
(and just as accurate) as the exact posterior sample from p(k,tx, k', ti, ¥, o2 |y).

We are currently investigating other approaches to the knot selection problem. Rather than sampling
from the posterior p (k, t, k', tir|y), we set t, = ti and then try to reduce the number of principal component
curves associated with the random effects by sampling from the posterior p (k, tx, r|y) where r = the number
of random effect principal components retained (Botts, 2005). This is similar in spirit to the methods
employed by Shi et al. (1996), and James et al. (2000).

Behseta et al. (2005) propose an alternative hierarchical approach that, at the first level, fits curves
separately for each subject, allowing each subject to have her own set of knots. However, their methods are

only appropriate for large within-subject sample sizes.
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Appendix

Ezxact formulas for Ly, I, and liogs2)

The (4, k)" element in the matrix I, can be calculated as
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RIJMCMC details for Algorithm I:

This section gives the details on Algorithm I. The details show how a move is made from a set of old knots
to a new set of knots. Note that the constants which appear in this algorithm (.4 and .2) were selected to
optimize its mixing and acceptance probability. The old set of knots will be denoted as (kold, thogas Kliay kéld) .

The first step of the algorithm involves a step in the space of the fixed effect knots, Q2*. Note that QF is
the sum of spaces 1, Qo,... where Q; = [a, b]j. Therefore Q* can be written as QF = @j’;l Q;. The first
decision to be made is whether to give birth, relocate, or kill a fixed knot. These probabilities are labeled as

br, rr, and dp, respectively, and are calculated as

. k + 1 0 k = klld
bp (Koia) = .4 X min (1, M), dr (kowa) = { . M) Oow old

i (kold) 4 X min (1, p;i(kold)

and 77 (koia) = 1 — b (kola) — dr (koa), where py (kola) is the prior distribution assigned to k evaluated at
koia-

If birth is chosen, a fixed effect knot, t?flccmd, is selected at random and a new knot is given birth to. The
new knot, 7V, is sampled from the distribution t;*V ~ T'N, b (t?flccmd, .2) where TN? is the normal distribu-

tion truncated at a and b with mean at tzdccmd and variance .2. If death is selected, then one of the fixed effect

21



knots is uniformly selected and killed. When relocation is chosen, a fixed effect knot, tfflocated, is uniformly
selected and then relocated to a position ¢;°% lo¢ where 1o loc  TN? (t’;fl"w“d, .2). The jump probabilities
corresponding to each move is given in Table 2. Note: h (y|z) = ¢ (y;2,.2) (® (b;z,.2) — ® (a;z,.2)) " where
10} (-; 1 72) is the normal density with mean p and variance 72, and ® (-; 1t 72) is the cumulative distribution

function of a normal density with mean u and variance 72.

Move in Qk PJump (kold, tkold — kncw; tkncw| kéld, tkéld)
Birh b Gt 25 Sy

Relocation rr (Kold) ﬁh (thew Olocltll;clocatcd)
Death dp (ko) ﬁ

Table 2: Jump Probabilities in QF

A move must then be made with the random effect knots. This is the second step in the algorithm. As
with the fixed effect knots, one of three moves can be made in Qk/, the space of random effect knots: birth,
death, or relocation. The probabilities associated with each are denoted as br, dgr, and rg, respectively.

They are calculated as

0 kéld = kola
/ ’
br (ko) = 4 x min 1, 25T ) (Foia +1) 0.W. ’
’ Py (kgld)
0 kgla =1
dr (ko) = 4 x min (1, 2o (Foa—1) 0.W. ’
’ Py (k;ld)

and g (kl,q) = 1 — br(klq) — dr (k.,q), where pis (k!,;) is the prior distribution of k' evaluated at k. .
If death is selected, then one of the random effect knots is uniformly selected and then killed. If birth is
selected, then one of the random effect knots is uniformly selected (call this t?ﬁlccmd), and a knot is added
to the set of random effect knots (call this knot #™). Note that t}™ ~ TN? (t55'°c*d, 2). If relocation is
selected, then one of the random effect knots is uniformly selected, t};c,locamd, and moved to another location
(call this t1eW 1o€) Again, t1ew lo¢ ~ TN (t};c,locamd, .2). The jump probabilities associated with these moves
are given in Table 3.
Derivation of Metropolis-Hastings Acceptance Probabilities to Satisfy Detailed Balance of Algorithm I

We show that the acceptance probabilities given in Section 4 are such that detailed balance is satisfied.

In this case, it needs to be shown that
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Move in Qk/ PJump (k(/jl‘b tk/ - knew’ tkncw kolda tkold)
Birth br (k) 7 7 2y, PUE)

Relocation rr (klg) 7 a1t G lloc|tsc,lcctcd)
Death dR ( old)

Table 3: Jump Probabilities in QF

)

! /
- PTrans (knewa knew kncw7 k! ow — kolda tkold 5 kolda tkéld) p (knewa tknew 5 kncwa tk’

/ / /
PTranS (kolda tk01d kold’ tkgld > kncwa tkncwa new? k ew) P (kolda tkoma k01d7 tkgld

E))

(Note: throughout the rest of this proof, tx, .. will be denoted as ty, , koia will be denoted as k,, and so on).

Assume that both a fixed and random knot are being added. In this case,

PTrans(koatkoakoutkg—>knutk k tk]’j)p(koutk k tk’

n?'’n? 0 "Vo?

v)

1 PJump (knatkn — k07tko| kéatkg) (knatknl k(/jatk’ 73/)
" Prump (Fos tky — kn, b, | K, trr ) 0 (Ko, by | KL, b, y)

br (ko) k:i Z h (35 |z) X min

o €tk

Prrans ( k07tko —kn )tkn Ik/o7tkg)

1
br () m > h(#V]x) x min <1,

© zet;co

P]ump (k;/m tk() — k{)a tkg
PJump (ké7tké E— k;ntkg

knvtkn) p (kx/latk;]
knatkn) p (k(/j7tké

X

kna tknv y)
kna tkna y)

Prrans ( klo!tk’o —}k;',nﬂtkgl

kn ;tkn)

X p(ko,tk K 1793

o) Voo

y) .

Assume that the ratios within each min argument are < 1 (if this is not the case, the reciprocal of the ratios

will be less than 1, and the proof can be done in the other direction), and recall that

1. br (ko) kio Dvety, MG |2) = Pramp (Ko, by — Ky tiy | KL, tir)

[\

- bR (KG) 77 Xacy, (B 12) = Prump (Ko, try, — kit

knv tkn)

R L L)
P ylkosteg K tiy ) P(ko)p(tr, ko)

®

P (K ti, | KD trr,y) ) 0 (Kos i, | kG b, y) =

p( y‘knvtkn 7k;wtk[n)p(kil)p(tkfn ‘kil)
P YlkL buy ki, ) ORGPty )

4. p(ky,,th,

knatknay)/p(k:)atkg}knvtknvy) =
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With these four observations it is clear that the above expression reduces to

(y| kn,tr,, ko, ty P (kn) p(tr, |kn)
Paum (st — bt K3 ) T 3 (o) Pl ko)
P (Ylknth, , kns s ter ) p (K7,) (tk’ k) p (ylko, i, s ko, tie,) p (o) p (Ky) (b, [ko)p(tir |K7)
p(y|kn,tkn,kmtkg) (K.) p(tr:|k)) p(y)
= PJump(kn,tk —>ko,tko|ko,tkg)PJump(k;l,tk/n —’k;atk; kmtkn)
P Wlkns bk, ks b)) p (k) p (K7) p(Ek, [ n )P (bir, [K7,)
p(y)
= Pyump (kn,tkn — ko, tr, | ké,tkg)

PJump (k;wtk’n B kéatkg knutkn)

= dr(kn) 57
i (1 Prump (ko o, — K, b, [ Koy ) P (Koo b | o tay, )
, PJump (knutkn — koutko| kéutkg) p (knatkn| %,tkgay)

=1
knatk )

X Pyump (k;zatk; — k st

:dR(kil)Tlﬂ

. PJump (k;,tk; B k;wtk;l
X min | 1, p ;
PJump (kn;tk; — ko;tkg

knatkn) p (kf)atkg
Ep,tr, ) p (Kl te,

v)

knutknuy)
) R

=1
= Prans (knstr, — ko, te, |k, trr ) Prvans (Krs ter — ki, ter

knvtkn) p (knvtknvknvtkil
y)-

This argument shows detailed balance holds for the given acceptance ratios when a fixed and random effect

0)

=  Prrans (knutk k, tk’n—’koatk K, tkg)P(kn,tk k, tk’n

n? N 0?70 n? N

knot are added. Similar arguments can be made to prove detailed balance when a fixed and/or random effect

knot is deleted and/or relocated.

RIMCMC details for Algorithm II:

As mentioned in the main text of this paper, Algorithm II is only a slight variation of Algorithm I. In
Algorithm II, candidate values of (k,t)) are sampled just as they are in Algorithm I. Conditioned on each
sampled pair of knots, candidate values of &/, t;s, ¥ and o2 are sampled. These candidate values are denoted

and they are sampled from the multivariate normal distribution

Clonazry ) =378 (gl )G (31082 )

Note that 1/3 and 62 are the maximum likelihood estimates of 1 and 62 corresponding to the model with

Pnew and o2

new’

fixed effect knots at tx_,, and random effect knots at trr_,

old
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The jump probabilities corresponding to step 2 of Algorithm IT are the same as those in step 2 of Algorithm
I. The jump probabilities corresponding to step 3 of Algorithm II are given in Table 4. Note: MV N3(z, w)
is the multivariate density, with mean (1&, 10g(&2)) and covariance Cov (1&, 10g(&2)) evaluated at the vector
(z,w). In this case, ¢ and 62 are the maximum likelihood estimates calculated under the model with fixed

effect knots at tx_, and random effect knots at txs .

PJump (k(/ﬂda tkgld 3 wolda 0—(2)1(1 B ]{,‘;]ew, tk(ww s Ynew Uﬁew koldu tkold)
Birth (bp (kl1q) ﬁ ertk’ h (t‘,;?wkv)) X MV N3 (Vnew, 10g(02ey))
© old
Relocation (TF (Kold) ﬁh (t’,:,ew 10C|t7§10ca‘ced)) x MV N3 (wne‘m 1Og(0r2mw))
Death dr (K1q) kél]d

Table 4: Jump Probabilities For Step 3 in Algorithm II

It can be shown, using methods similar to those given before, that these jump probabilities (along with the

acceptance probabilities of Algorithm II given in Section 5 ) guarantee detailed balance.

Proof of Theorem 1

We first prove that the maximum likelihood estimators of «, ¥, and o2 are consistent with respect to n,
the number of subjects in the study. To be more specific, we prove that &, 1&, and 62 converge to their
true values as n goes to infinity. Proving the consistency of these estimators is not straight-forward since
the observed data for all n subjects, y1,¥2,...,Yn, are not i.i.d. (recall that they are independent yet not
identically distributed since y; ~ MVN (Bp,o, B, X+ (¢)Bl, + 0°1L,)).

Hooper (1993) and Demidenko (2004) show, however, that if one considers the design matrices of the *"
individual (Br,, Bg,) and the number of observations for the i*" individual (m;) as random, independent of
€; and ~y;, and part of the observed data, then the i.i.d. assumption of the data is satisfied. For the problem
presented in this paper, such considerations make sense. The design matrices corresponding to individual
i, Br, and Bpg,, can be thought of as random since the points in time at which the m,; observations occur,
x;, vary. If the number of observations recorded for all individuals, mq, ma, ..., my, are i.i.d. (as we assume
in Condition (2)), and the times at which these observations occur, x1,Xa, . ..,X,, are i.i.d. (as we assume
in Condition (4)), then the sets {y;,Br,,Br,,m;}._, are i.i.d. It follows that the maximum likelihood
estimators of «, ¥, and o2 converge to their true values as n, the number of subjects, approaches co.

. . - . ﬁLP(kgld!tk’ Ikne""7tkncw7y)
We now arrive at the result in Theorem 1 by examining the behavior of log | - (k/ old

PLp ( Fhow trr  [Fnew thyew .,y)
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as n — oo. Recall that k), < kI, and tgr , C by, making the model with knots at (tknew ; tk;ld) nested

within the model with knots at (tkmw,tk;)ew).

pr ( old» tk’ ncw, ncway)

pr knew? new nCW? tkncw? y)
pr y|kncv\n Knew koldv tk’ ) p (kncv\n thnew kold7 tk )

!/ /
pr y|kncw; Knew kncw; tk;ew) p (kncw; tkncw ) kncwv tk()ew)

y|kncw7 Enew s old’ 1/}( Knew > ¥ ld),a.Q (tkncwatkgld))
y|knCWa knew k;]ew? 1/;( Fnew L ew )7 a2 (tkncw ) tkfww))
1
. X . 2
p (1/)|tkncw’tk/ld) p (02|tkncw’ ) ‘COV ( (tkmwatk;]d) 710g (02 (tkncw’tkgld))) d1—da
— (2m) " 2
2

+log - = "
(¢| Enews ew) p (U Fnew » k“ew ‘COV (w (tknew7tk Lw) ,log (&2 (tknewvtk]’mw))

kncw; Enew ? oldvtk )

D (Fnews tonew s Kows thr_ )

)

+log
where d; = dim (z/AJ (tknewatkgld)) = WM, ds = dim (1/}( —_ kmw)) = WM, dy >

dy, and Cov (&,mg(&?)) Y (1/; 1og(&2)) , with

H (1/;’ log ((5’2)) _ 9? log {p(y|ka ty, k/v tr, a, 1, Uz)p/(a|tk)p(1/}|tka tk/)p(02|tka tk/)/n} R
9 (¢,1og(0?)) 9 (¢, log(c?))

a=d,9=1), 02=62

From this, we get that
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pr ( old» tkcld ncw, knew Z/)

kncwv knew ncwvtkncwvy)

y|kncw7 ncw?kold’tk/l 1/}( Knew s b ld)aa'2 (tkncwatkgld))

y|knCWa kmka;]ewv Kl ow 1/}( Fnew Kl ew )762 (tkncwvtk{)ew))

P (D1t by, ) 2 (62t ) |~ (5 (b by, ) 108 (6 (b tis,,) )

Nl=

r (37

+log - (62]t tr )
(w| e+ b ew) PO ke Bl ‘—H (w (thnews by, ) 5 1og (62 (tknew,tkgcw)))
1 p kneW7 tkn«ew ) ki}ld7 tk/ )
+ log
p (knewu knew ? kjécw’ mw)
D (y|knew7 knew? 1d7tk, Q/AJ( Fnew s ko ) 52 (tk“ewjtk; )) d2 —d
_ log o 1d 1d + Kn + % log(n)

Za (y|k:ncw5 nLW ? I]CW7 knew 1/;( ncw ) tk/ ) 62 (tkHCW ? tk;)ew))
p (kncw; tkmwa old7 )

p(kncwatkmwv new’ knew

+ log

where

Nl=

( |tkmwa k! ld) p (&2|tkncw7 ) ’_ ( ( mwatk;ld) 710g (&2 (tkncwvtk;m)))’ dy—dg
(2m)" 2

52
p (¢|tkncw’tkﬁew) p (U |tkmwatknew) ‘_H (’Q/J (tknewvtklﬁcw) ,log (5—2 (tknewvtk]’mw)))‘

K, =log

Nl=

Gelfand and Dey (1994) show that if the models are nested (which is guaranteed by Condition (1)) and if
the maximum likelihood estimators exist, then K, = O(1). Note that existence of the maximum likelihood
estimators follows from Condition (3). Demidenko (2004) shows that if >_1" | (m; — (Ko +2)) > knew + 2,
then the maximum likelihood estimators of a, %, and o2 exist. Since K, is bounded, for sufficiently large

values of n, K, becomes negligible compared to @ log(n), and we can say that
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pr( 01d7tk/1d new ncway)

kncwv knew Enew, kncwvy)

y|kncw7 Enew s old’ 1/}( knew > ¥ ) ° (tkncwatkgld)) do — dy
RS ~ - + ) log(n)
y|kncw, Fese > Fhews B, 1/1 e S )3 02 (B tk;)ew))
1 ( newutknewu oldatk’
+ log
p (knewu tkneW7 new’ mw
ﬁ (y|kneW7 knew kold’ tk?, ( knew kold) 5-2 (tknew ’ tkgld)) p (kneW? tI<3n(ew ? kold’ tk?, )
> log + log /
]5 (y|kneW7tk;new7k;]cW7tk ( new, ) 62 (tknew7tkfww)) p (kncw?tknckanewatkéew)
ﬁplg (y|kncw, Knew o]dv ) p ( ncW7 Knew » k{;]da tkgld)
= log | -
Prig (y|knCWa knew kncwv Kl ew p ncw; knew s k;mwv tk()ew)
ﬁPlg (koldv tkold |kncv\m mway
= log
pplg (kncvw tknew |knewa knew y
and it follows that
pLP(knew’ tknew |kncw; Knew y) pPlg(knewv tknew |knch7 knew s y)

Prp(Bas trr [onews trnew s ¥) — DP1g(Klas tar [Rnew, bhyen s ¥)
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Figure 1: Plots of Models 1-2. (— —): f(z) + Gi(z), (—): f(z). The location of the fixed effect knots
are denoted with a e and the location of the random effect by a A.
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Figure 6: Marginal Distributions of t; and t;s for Model 1 at n = 25.
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Trace of Random Knot Locations for Laplce
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Figure 7: Trace plots of ty for the Laplace and true chains for one simulated data set (for iterations 2000 -
3000). Note: The figures trace the positions of all elements in t;, not just the first. Thus, when the trace
splits into two lines, a random effect knot has been added.
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Figure 8: Protein content of milk measured in 25 cows on Barley diet
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