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Appendix C

Calculation of ∆itj, ∆∗
itj and their derivatives:

∆itj and ∆∗
itj are determined through equations (4) and (5) by using Newton-Raphson.

Numerical solution of the integrals in (5.1) and (5.4) are obtained by a 20-point Gauss-

Hermite Quadrature.

• For the special case of p=1, we have two marginal constraint equations; one for t = 2,

and other for t > 2. Specifically, for t = 2, we have

f(∆i2j) = − eXi2jβ

1+eXi2jβ +
1∑

yi1j=0

e∆i2j+γi2jyi1j

1+e∆i2j+γi2jyi1j

eyi1jXi1jβ∗

1+eXi1jβ∗ = 0

For later time points, P (Yit−1j) depends on β and not on β∗. Hence, we have,

f(∆itj) = − eXitjβ

1+eXitjβ +
1∑

yit−1j=0

e∆itj+γitjyit−1j

1+e∆itj+γitjyit−1j

eyit−1jXit−1jβ

1+eXit−1jβ = 0

To use Newton-Raphson, we require the derivatives of these equations. For t = 2, this

derivative is:

∂f(∆i2j)

∂∆i2j
=

1∑
yi1j=0

e∆i2j+γi2jyi1j

(1+e∆i2j+γi2jyi1j )2
eyi1jXi1jβ∗

1+eXi1jβ∗

For later time points, this derivative takes the following form:

∂f(∆itj)

∂∆itj
=

1∑
yit−1j=0

e∆itj+γitjyit−1j

(1+e∆itj+γitjyit−1j )2
eyit−1jXit−1jβ

1+eXit−1jβ

2



• From equation (5.4), we have the convolution equation for ∆∗
i1j:

f(∆∗
i1j) = − eXi1jβ∗

1+eXi1jβ∗ +
∫

e
∆∗i1j+λ∗j σ1zi

1+e
∆∗

i1j
+λ∗

j
σ1zi

φ(zi)dzi = 0

For Newton-Raphson, we use

∂f(∆∗i1j)

∂∆∗i1j
=

∫
e
∆∗i1j+λ∗j σ1zi

(1+e
∆∗

i1j
+λ∗

j
σ1zi )2

φ(zi)dzi

All integrals in functions and derivatives are approximated by using Gauss-Hermite

Quadrature.

• The convolution equation of ∆∗
itj(t ≥ 2) gives

f(∆∗
itj) = − e∆itj+γitjyit−1j

1+e∆itj+γitjyit−1j
+

∫
e
∆∗itj+λjσtzi

1+e
∆∗

itj
+λjσtzi

φ(zi)dzi = 0

In Newton-Raphson step, we use

∂f(∆∗itj)

∂∆∗itj
=

∫
e
∆∗itj+λjσtzi

(1+e
∆∗

itj
+λjσtzi )2

φ(zi)dzi

Full conditional distributions:

• f(log(σ2), λ|θ−b, θ−σ, θ−λ,Y) ∝
n∏

t=2

[Π(log(σ2
t ))]

r∏
j=1

[Π(λj)]
n∏

t=2

N∏
i=1

[
∫ r∏

j=1

[P (Yitj|Yit−1j, θ)]f(bit|σt)dbit]

∝
n∏

t=2

[ elog(σ2
t )

(1+elog(σ2
t ))2

]
r∏

j=1

[e
−(λj−1)2

2σ2
λ ]

n∏
t=2

N∏
i=1

[
∫ r∏

j=1

[( e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)yitj( 1

1+e
∆∗

itj
+λjbit

)1−yitj ] 1
σt
e
− b2it

2σ2
t dbit]
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This integral is also approximated by Gauss-Hermite Quadrature:

f(log(σ2), λ|θ−b, θ−σ, θ−λ,Y) ∝
n∏

t=2

[ elog(σ2
t )

(1+elog(σ2
t ))2

]
r∏

j=1

[e
−(λj−1)2

2σ2
λ ]

n∏
t=2

N∏
i=1

[
∑
l

wl

r∏
j=1

[ (e
∆∗itj+

√
2e

log(σ2
t )

λjzl )yitj

1+e
∆∗

itj
+

√
2e

log(σ2
t )

λjzl

]]

≡
n∏

t=2

[ elog(σ2
t )

(1+elog(σ2
t ))2

]
r∏

j=1

[e
−(λj−1)2

2σ2
λ ]

N∏
i=1

[Dit]

where Dit =
∑
l

wl

r∏
j=1

[ (e
∆∗itj+

√
2e

log(σ2
t )

λjzl )yitj

1+e
∆∗

itj
+

√
2e

log(σ2
t )

λjzl

]

• f(log(σ2
1), λ

∗|θ−b, θ−σ, θ−λ∗ ,Y) ∝ Π(log(σ2
1))

r∏
j=1

[Π(λ∗j)]
N∏

i=1

[
∫ r∏

j=1

[P (Yi1j|θ)]f(bi1|σ1)dbi1]

∝ elog(σ2
1)

(1+elog(σ2
1))2

r∏
j=1

[e

−(λ∗j−1)2

2σ2
λ
∗

]
N∏

i=1

[
∫ r∏

j=1

[( e
∆∗i1j+λ∗j bi1

1+e
∆∗

i1j
+λ∗

j
bi1

)yi1j( 1

1+e
∆∗

i1j
+λ∗

j
bi1

)1−yi1j ] 1
σ1
e
− b2i1

2σ2
1 dbi1]

≡ elog(σ2
1)

(1+elog(σ2
1))2

r∏
j=1

[e

−(λ∗j−1)2

2σ2
λ
∗

]
N∏

i=1

[Di1]

where Di1 =
∑
l

wl

r∏
j=1

[ (e
∆∗i1j+

√
2e

log(σ2
1)

λ∗j zl )yi1j

1+e
∆∗

i1j
+

√
2e

log(σ2
1)

λ∗
j

zl

]

• f(bi1|θ−b,Y) ∝
r∏

j=1

[P (Yi1j|θ)]P (bi1|σ1)

∝
r∏

j=1

[( e
∆∗i1j+λ∗j bi1

1+e
∆∗

i1j
+λ∗

j
bi1

)yi1j( 1

1+e
∆∗

i1j
+λ∗

j
bi1

)1−yi1j ]e
− b2i1

2σ2
1

• f(bit|θ−b,Y) ∝
r∏

j=1

[P (Yitj|Yit−1j, θ)]P (bit|σt)

∝
r∏

j=1

[( e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)yitj( 1

1+e
∆∗

itj
+λjbit

)1−yitj ]e
− b2it

2σ2
t

• f(β∗|θ−β∗ ,Y) ∝
N∏

i=1

r∏
j=1

[P (Yi1j|θ)P (Yi2j|Yi1j, θ)]Π(β∗)
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∝
N∏

i=1

r∏
j=1

[( e
∆∗i1j+λ∗j bi1

1+e
∆∗

i1j
+λ∗

j
bi1

)yi1j( 1

1+e
∆∗

i1j
+λ∗

j
bi1

)1−yi1j( e
∆∗i2j+λjbi2

1+e
∆∗

i2j
+λjbi2

)yi2j( 1

1+e
∆∗

i2j
+λjbi2

)1−yi2j ]e
−

P
k β∗2k

2σ2
β∗

• f(β|θ−β,Y) ∝
N∏

i=1

r∏
j=1

n∏
t=2

[P (Yitj|Yit−1j, θ)]Π(β)

∝
N∏

i=1

r∏
j=1

n∏
t=2

[( e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)yitj( 1

1+e
∆∗

itj
+λjbit

)1−yitj ]e
−

P
k β2

k
2σ2

β

• f(αt|θ−α,Y) ∝
N∏

i=1

r∏
j=1

[P (Yitj|Yit−1j, θ)]Π(αt)

∝
N∏

i=1

r∏
j=1

[( e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)yitj( 1

1+e
∆∗

itj
+λjbit

)1−yitj ]e
−

P
k α2

t,k

2σ2
α

Derivatives of full conditional distributions:

For Hybrid MC, we need derivatives of full conditionals, as well as derivatives of ∆itj

and ∆∗
itj. Necessary derivatives are obtained by chain rule and implicit differentiation. For

simplicity of notation, define,

Ai1j =
∫

e
∆∗i1j+λ∗j σ1zi

(1+e
∆∗

i1j
+λ∗

j
σ1zi )2

φ(zi)dzi

For t > 1,

Aitj =
∫

e
∆∗itj+λjσtzi

(1+e
∆∗

itj
+λjσtzi )2

φ(zi)dzi

Bitj = e∆itj+γitjyit−1j

(1+e∆itj+γitjyit−1j )2

Citj =
∑

yit−1j

e∆itj+γitjyit−1j

(1+e∆itj+γitjyit−1j )2
P (Yit−1j)
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• ∂logf(log(σ2),λ|θ−b,θ−σ ,θ−λ,Y)

∂log(σ2
t )

=
∑
i

∂Dit/∂log(σ2
t )

Dit
+ 1− 2 elog(σ2

t )

1+elog(σ2
t )

where

∂Dit

∂log(σ2
t )

=
∑
l

wl[
r∏

j=1

(e
∆∗itj+

√
2e

log(σ2
t )

λjzl )yitj

1+e
∆∗

itj
+

√
2e

log(σ2
t )

λjzl

][
r∑

j=1

(
∂∆∗itj

∂log(σ2
t )

+λjzl

√
elog(σ2

t )/2)
(yitj+e

∆∗itj+

√
2e

log(σ2
t )

λjzl (yitj−1))

1+e
∆∗

itj
+

√
2e

log(σ2
t )

λjzl

]

∂∆∗itj
∂log(σ2

t )
=

∂∆∗itj
∂σt

∂σt

∂log(σ2
t )

∂∆∗itj
∂σt

=
−
√

2λj
P
l

wlzl
e
∆∗itj+

√
2λjσtzl

(1+e
∆∗

itj
+
√

2λjσtzl )2P
l

wl
e
∆∗

itj
+
√

2λjσtzl

(1+e
∆∗

itj
+
√

2λjσtzl )2

, ∂σt

∂log(σ2
t )

=
√
elog(σ2

t )/2

• ∂logf(log(σ2),λ|θ−b,θ−σ ,θ−λ,Y)

∂λm
= [

∑
i

∑
t

∂Dit/∂λm

Dit
]− λm

σ2
λ

for m = 2, ..., r.

where ∂Dit

∂λm
=

∑
l

wl[
r∏

j=1

(e
∆∗itj+

√
2e

log(σ2
t )

λjzl )yitj

1+e
∆∗

itj
+

√
2e

log(σ2
t )

λjzl

][
(

∂∆∗itm
∂λm

+

√
2elog(σ2

t )zl)(yitm+e∆∗itm+

√
2e

log(σ2
t )

λmzl (yitm−1))

1+e∆∗
itm

+

√
2e

log(σ2
t )

λmzl

]

∂∆∗itm
∂λm

=

−
√

2elog(σ2
t ) P

l
wlzl

e
∆∗itm+

√
2e

log(σ2
t )

λmzl

(1+e
∆∗

itm
+

√
2e

log(σ2
t )

λmzl )2

P
l

wl
e
∆∗

itm
+

√
2e

log(σ2
t )

λmzl

(1+e
∆∗

itm
+

√
2e

log(σ2
t )

λmzl )2

• ∂logf(log(σ2
1),λ∗|θ−b,θ−σ ,θ−λ∗ ,Y)

∂λ∗m
=

∑
i

∂Di1/∂λ∗m
Di1

− λ∗m
σ2

λ∗
for m = 2, ..., r.

where ∂Di1

∂λ∗m
=

∑
l

wl[
r∏

j=1

(e
∆∗i1j+

√
2e

log(σ2
1)

λ∗j zl )yi1j

1+e
∆∗

i1j
+

√
2e

log(σ2
1)

λ∗
j

zl

][
(

∂∆∗i1m
∂λ∗m

+
√

2σ1zl)(yi1m+e∆∗i1m+

√
2e

log(σ2
1)

λ∗mzl (yi1m−1))

1+e∆∗
i1m

+

√
2e

log(σ2
1)

λ∗mzl

]

∂∆∗i1m

∂λ∗m
=

−
√

2elog(σ2
1) P

l
wlzl

e
∆∗i1m+

√
2e

log(σ2
1)

λ∗mzl

(1+e
∆∗

i1m
+

√
2e

log(σ2
1)

λ∗mzl )2

P
l

wl
e
∆∗

i1m
+

√
2e

log(σ2
1)

λ∗mzl

(1+e
∆∗

i1m
+

√
2e

log(σ2
1)

λ∗mzl )2

• ∂logf(bit|θ−b,Y)

∂bit
=

r∑
j=1

[λj ∗ (Yitj − e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)]− bit

σ2
t
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• ∂logf(β|θ−β ,Y)

∂βk
=

N∑
i=1

r∑
j=1

n∑
t=2

[(Yitj − e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)
∂∆∗itj
∂βk

]− βk

σ2
β

where
∂∆∗itj
∂βk

=
∂∆∗itj
∂∆itj

∂∆itj

∂βk
for t ≥ 2.

From convolution equation, we have
∂∆∗itj
∂∆itj

= Bitj/Aitj.

∂∆itj

∂βk
takes two forms depending on t. For t = 2,

∂∆i2j

∂βk
=

Xi2jke
Xi2jβ

(1+e
Xi2jβ

)2

1P
yi1j=0

e
∆i2j+γi2jyi1j

(1+e
∆i2j+γi2jyi1j )2

e
Xi1jβ∗yi1j

1+e
Xi1jβ∗

From marginal constraint equation for t > 2, we have

∂∆itj

∂βk
= [

XitjkeXitjβ

(1+eXitjβ)2
−

1∑
yit−1j=0

e∆itj+γitjyit−1j

1+e∆itj+γitjyit−1j

∂P (Yit−1j)

∂βk
]/Citj

where
∂P (Yit−1j=0)

∂βk
= −Xit−1jkeXit−1jβ

(1+eXit−1jβ)2
and

∂P (Yit−1j=1)

∂βk
=

Xit−1jkeXit−1jβ

(1+eXit−1jβ)2

• ∂logf(β∗|θ−β∗ ,Y)

∂β∗k
=

N∑
i=1

r∑
j=1

[(yi1j − e
∆∗i1j+λ∗j bi1

1+e
∆∗

i1j
+λ∗

j
bi1

)
∂∆∗i1j

∂β∗k
+ (yi2j − e

∆∗i2j+λjbi2

1+e
∆∗

i2j
+λjbi2

)
∂∆∗i2j

∂β∗k
]− β∗k

σ2
β∗

where
∂∆∗i1j

∂β∗k
=

Xi1jke
Xi1jβ∗

(1+e
Xi1jβ∗

)2

Ai1j
from convolution equation of ∆∗

i1j, and

∂∆∗i2j

∂β∗k
=

∂∆∗i2j

∂∆i2j

∂∆i2j

∂β∗k

∂∆∗i2j

∂∆i2j
= Bi2j/Ai2j
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∂∆i2j

∂β∗k
=

Xi1jke
Xi1jβ∗

(1+e
Xi1jβ∗

)2
( e

∆i2j

1+e
∆i2j

− e
∆i2j+γi2j

1+e
∆i2j+γi2j

)

e
∆i2j

(1+e
∆i2j )2

1

1+e
Xi1jβ∗ + e

∆i2j+γi2j

(1+e
∆i2j+γi2j )2

e
Xi1jβ∗

1+e
Xi1jβ∗

from marginal equation of ∆i2j.

• ∂logf(αt|θ−α,Y)
∂αtk

=
N∑

i=1

r∑
j=1

[(Yitj − e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)
∂∆∗itj
∂αtk

]− αtk

σ2
α

where
∂∆∗itj
∂αtk

=
∂∆∗itj
∂γitj

∂γitj

∂αtk
=

∂∆∗itj
∂γitj

Zitjk

From convolution equation,
∂∆∗itj
∂γitj

= Bitj[
∂∆itj

∂γitj
+ yit−1j]/Aitj

where, from marginal constraint equations,

for t = 2,

∂∆i2j

∂γi2j
=

− e
∆i2j+γi2j

(1+e
∆i2j+γi2j )2

e
Xi1jβ∗

1+e
Xi1jβ∗

e
∆i2j

(1+e
∆i2j )2

1

1+e
Xi1jβ∗ + e

∆i2j+γi2j

(1+e
∆i2j+γi2j )2

e
Xi1jβ∗

1+e
Xi1jβ∗

for t > 2,

∂∆itj

∂γitj
= −[

1∑
yit−1j=0

yit−1j
e∆itj+γitjyit−1j

(1+e∆itj+γitjyit−1j )2
P (Yit−1j) +

1∑
yit−1j=0

e∆itj+γitjyit−1j

1+e∆itj+γitjyit−1j

∂P (Yit−1j)

∂γitj
]/Citj

= −[
∑

yit−1j
yit−1j

e∆itj+γitjyit−1j

(1+e∆itj+γitjyit−1j )2
P (Yit−1j)]/Citj, since

∂P (Yit−1j)

∂γitj
= 0 for p=1.

Details on sampling from posterior distribution of parameters in MTREM(2)

For simplicity of notation, for t ≥ 3, define:
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π
(t)
yit−1j ,yit−2j = P (Yit−1j = yit−1j, Yit−2j = yit−2j)

Note that,

π
(t+1)
yitj ,yit−1j = P (Yitj = yitj, Yit−1j = yit−1j)

=
∑

yit−2j

P (Yitj = yitj|Yit−1j = yit−1j, Yit−2j = yit−2j)π
(t)
yit−1j ,yit−2j

π
(3)
yi2j ,yi1j = P (Yi2j|Yi1j, θ)P (Yi1j|θ)

= (e∆i2j+eγi2jyi1j )yi2j

1+e∆i2j+eγi2jyi1j

(eXi1jβ∗ )yi1j

1+eXi1jβ∗

Calculating ∆itj, ∆∗
itj and derivatives:

• Marginal constraint for initial state intercept, i.e. for ∆i2j:

f(∆i2j) = − eXi2j
eβ

1+eXi2j
eβ +

∑
yi1j

e∆i2j+eγi2jyi1j

1+e∆i2j+eγi2jyi1j

eyi1jXi1jβ∗

1+eXi1jβ∗ = 0

∂f(∆i2j)

∂∆i2j
=

∑
yi1j

e∆i2j+eγi2jyi1j

(1+e∆i2j+eγi2jyi1j )2
eyi1jXi1jβ∗

1+eXi1jβ∗

∆i2j is a function of γ̃i2j, β̃ and β∗.

• Convolution equations for initial state intercepts, i.e. for ∆∗
i1j and ∆∗

i2j:
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f(∆∗
i1j) = − eXi1jβ∗

1+eXi1jβ∗ +
∫

e
∆∗i1j+λ∗j σ1zi

1+e
∆∗

i1j
+λ∗

j
σ1zi

φ(zi)dzi = 0

∂f(∆∗i1j)

∂∆∗i1j
=

∫
e
∆∗i1j+λ∗j σ1zi

(1+e
∆∗

i1j
+λ∗

j
σ1zi )2

φ(zi)dzi

∆∗
i1j is a function of β∗, λ∗j , σ1.

f(∆∗
i2j) = − e∆i2j+eγi2jyi1j

1+e∆i2j+eγi2jyi1j
+

∫
e
∆∗i2j+eλjσ2zi

1+e
∆∗

i2j
+eλjσ2zi

φ(zi)dzi = 0

∂f(∆∗i2j)

∂∆∗i2j
=

∫
e
∆∗i2j+eλjσ2zi

(1+e
∆∗

i2j
+eλjσ2zi )2

φ(zi)dzi

∆∗
i2j is a function of of γ̃i2j, λ̃j, σ2,∆i2j (hence β̃ and β∗).

• Marginal constraint for ∆itj when t ≥ 3:

P (Yitj = 1) =
∑

yit−1j ,yit−2j

P (Yitj = 1|Yit−1j = yit−1j, Yit−2j = yit−2j)π
(t)
yit−1j ,yit−2j

f(∆itj) = − eXitjβ

1+eXitjβ +
∑

yit−1j ,yit−2j

e∆itj+γitj,1yit−1j+γitj,2yit−2j

1+e∆itj+γitj,1yit−1j+γitj,2yit−2j
π

(t)
yit−1j ,yit−2j = 0

∂f(∆itj)

∂∆itj
=

∑
yit−1j ,yit−2j

e∆itj+γitj,1yit−1j+γitj,2yit−2j

(1+e∆itj+γitj,1yit−1j+γitj,2yit−2j )2
π

(t)
yit−1j ,yit−2j

∆itj is a function of β, γitj,1, γitj,2 and π
(t)
yit−1j ,yit−2j (hence β∗, β̃, γ̃i2j, (γikj,1, γikj,2, 3 ≤ k ≤

t), (∆ikj, 2 ≤ k ≤ t− 1)).

• Convolution equation for ∆∗
itj when t ≥ 3:

10



f(∆∗
itj) = − e∆itj+γitj,1yit−1j+γitj,2yit−2j

1+e∆itj+γitj,1yit−1j+γitj,2yit−2j
+

∫
e
∆∗itj+λjσtzi

1+e
∆∗

itj
+λjσtzi

φ(zi)dzi=0

∂f(∆∗itj)

∂∆∗itj
=

∫
e
∆∗itj+λjσtzi

(1+e
∆∗

itj
+λjσtzi )2

φ(zi)dzi

∆∗
itj is a function of λj, σt, γitj,1, γitj,2, (∆ikj, 2 ≤ k ≤ t) (hence β, β∗, β̃, γ̃i2j, (γikj,1, γikj,2, 3 ≤

k ≤ t− 1)).

Full conditional distributions:

• f(log(σ2
1), λ

∗|θ−b, θ−σ, θ−λ,Y) takes the same form as in p=1.

• f(log(σ2
2), λ̃|θ−b, θ−σ, θ−eλ,Y) ∝ Π(log(σ2

2))
r∏

j=1

Π(λ̃j)
N∏

i=1

[
∫ r∏

j=1

[P (Yi2j|Yi1j, θ)]f(bi2|σ2)dbi2]

∝ elog(σ2
2)

(1+elog(σ2
2))2

r∏
j=1

e

−(eλj−1)2

2σ2eλ N∏
i=1

[
∫ r∏

j=1

[( e
∆∗i2j+eλjbi2

1+e
∆∗

i2j
+eλbi2

)yi2j( 1

1+e
∆∗

i2j
+eλjbi2

)1−yi2j ] 1
σ2
e
− b2i2

2σ2
2 dbi2]

≈ elog(σ2
2)

(1+elog(σ2
2))2

r∏
j=1

e

−(eλj−1)2

2σ2eλ N∏
i=1

[
∑
l

wl

r∏
j=1

[ (e
∆∗i2j+

√
2e

log(σ2
2)eλjzl )yi2j

1+e
∆∗

i2j
+

√
2e

log(σ2
2)eλjzl

]]

≡ elog(σ2
2)

(1+elog(σ2
2))2

r∏
j=1

e

−(eλj−1)2

2σ2eλ N∏
i=1

[Ei2]

where Ei2 =
∑
l

wl

r∏
j=1

[ (e
∆∗i2j+

√
2e

log(σ2
2)eλjzl )yi2j

1+e
∆∗

i2j
+

√
2e

log(σ2
2)eλjzl

]

• For t > 2 :

f(log (σ2), λ|θ−b, θ−σ, θ−λ,Y) ∝
n∏

t=3

Π(log(σ2
t ))

r∏
j=1

Π(λj)
N∏

i=1

[
∫ r∏

j=1

[P (Yitj|Yit−1j, θ]f(bit|σt)dbit]]

∝
n∏

t=3

elog(σ2
t )

(1+elog(σ2
t ))2

r∏
j=1

e
−(λj−1)2

2σ2
λ

N∏
i=1

[
∫ r∏

j=1

[( e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)yitj( 1

1+e
∆∗

itj
+λjbit

)1−yitj ] 1
σt
e
− b2it

2σ2
t dbit]
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≈
n∏

t=3

elog(σ2
t )

(1+elog(σ2
t ))2

r∏
j=1

e
−(λj−1)2

2σ2
λ

N∏
i=1

[
∑
l

wl

r∏
j=1

[ (e
∆∗itj+

√
2e

log(σ2
t )

λjzl )yitj

1+e
∆∗

itj
+

√
2e

log(σ2
t )

λjzl

]]

≡
n∏

t=3

elog(σ2
t )

(1+elog(σ2
t ))2

r∏
j=1

e
−(λj−1)2

2σ2
λ

N∏
i=1

[Eit]

where Eit =
∑
l

wl

r∏
j=1

[ (e
∆∗itj+

√
2e

log(σ2
t )

λjzl )yitj

1+e
∆∗

itj
+

√
2e

log(σ2
t )

λjzl

]

• f(bit|θ−b,Y) for t ≥ 1 takes similar forms to the ones for p=1.

• f(β∗|θ−β∗ ,Y) ∝
∏
i

∏
j

[( e
∆∗i1j+λ∗j bi1

1+e
∆∗

i1j
+λ∗

j
bi1

)yi1j( 1

1+e
∆∗

i1j
+λ∗

j
bi1

)1−yi1j( e
∆∗i2j+eλjbi2

1+e
∆∗

i2j
+eλjbi2

)yi2j( 1

1+e
∆∗

i2j
+eλjbi2

)1−yi2j ]

∗[
∏
i

∏
j

∏
t=3

(e
∆∗itj+λjbit )yitj

1+e
∆∗

itj
+λjbit

]e
−

P
k

β∗2k

2σ2
β
∗

• f(β̃|θ−eβ,Y) ∝
∏
i

∏
j

[( e
∆∗i2j+eλjbi2

1+e
∆∗

i2j
+eλjbi2

)yi2j( 1

1+e
∆∗

i2j
+eλjbi2

)1−yi2j ][
∏
i

∏
j

∏
t=3

(e
∆∗itj+λjbit )yitj

1+e
∆∗

itj
+λjbit

]e
−

P
k

eβ2
k

2σ2eβ

• f(β|θ−β,Y) ∝ [
∏
i

∏
j

∏
t=3

(e
∆∗itj+λjbit )yitj

1+e
∆∗

itj
+λjbit

]e
−

P
k

β2
k

2σ2
β

• f(α̃|θ−eα,Y) ∝
∏
i

∏
j

[( e
∆∗i2j+eλjbi2

1+e
∆∗

i2j
+eλjbi2

)yi2j( 1

1+e
∆∗

i2j
+eλjbi2

)1−yi2j ][
∏
i

∏
j

∏
t=3

(e
∆∗itj+λjbit )yitj

1+e
∆∗

itj
+λjbit

]e
−

P
k eα2

2k
2σ2eα

• f(αt|θ−α,Y) ∝ [
∏
i

∏
j

(e
∆∗itj+λjbit )yitj

1+e
∆∗

itj
+λjbit

]e
−

P
k

P2
p=1 α2

tk,p

2σ2
α

Derivatives of full conditional distributions:
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• ∂logf(log(σ2
1),λ∗|θ−σ1 ,θ−λ∗ ,θ−b,Y)

∂log(σ2
1)

takes the same form as p=1.

• ∂logf(log(σ2
1),λ∗|θ−σ1 ,θ−λ∗ ,θ−b,Y)

∂λ∗m
takes the same form as p=1.

• ∂logf(β∗|θ−β∗ ,Y)

∂β∗k
=

∑
i

∑
j

[(Yi1j − e
∆∗i1j+λ∗j bi1

1+e
∆∗

i1j
+λ∗

j
bi1

)
∂∆∗i1j

∂β∗k
+ (Yi2j − e

∆∗i2j+eλjbi2

1+e
∆∗

i2j
+eλjbi2

)
∂∆∗i2j

∂β∗k
]+

∑
i

∑
j

∑
t=3

[(Yitj − e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)
∂∆∗itj
∂β∗k

]− β∗k
σ2

β
∗

where
∂∆∗i1j

∂β∗k
=

Xi1jkeXi1jβ∗/(1+eXi1jβ∗ )2R
e
∆∗

i1j
+λ∗

j
σ1zi

(1+e
∆∗

i1j
+λ∗

j
σ1zi )2

φ(zi)dzi

∂∆∗i2j

∂β∗k
=

∂∆∗i2j

∂∆i2j

∂∆i2j

∂β∗k

∂∆∗i2j

∂∆i2j
=

e
∆i2j+eγi2jyi1j

(1+e
∆i2j+eγi2jyi1j )2R

e
∆∗

i2j
+eλjσ2zi

(1+e
∆∗

i2j
+eλjσ2zi )2

φ(zi)dzi

∂∆i2j

∂β∗k
=

Xi1jke
Xi1jβ∗

(1+e
Xi2jβ∗

)2
[ e

∆i2j

1+e
∆i2j

− e
∆i2j+eγi2j

1+e
∆i2j+eγi2j

]

[ e
∆i2j

(1+e
∆i2j )2

1

1+e
Xi1jβ∗ + e

∆i2j+eγi2j

(1+e
∆i2j+eγi2j )2

e
Xi1jβ∗

1+e
Xi1jβ∗ ]

For t ≥ 3,

∂∆∗itj
∂β∗k

=
∂∆∗itj
∂∆itj

∂∆itj

∂β∗k

∂∆∗itj
∂∆itj

=
e
∆itj+γitj,1yit−1j+γitj,2yit−2j

(1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j )2R

e
∆∗

itj
+λjσtzi

(1+e
∆∗

itj
+λjσtzi )2

φ(zi)dzi

∂∆itj

∂β∗k
=

−
P

yit−1j ,yit−2j

e
∆itj+γitj,1yit−1j+γitj,2yit−2j

1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j

∂π
(t)
yit−1j ,yit−2j

∂β∗
kP

yit−1j ,yit−2j

e
∆itj+γitj,1yit−1j+γitj,2yit−2j

(1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j )2

π
(t)
yit−1j ,yit−2j
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• ∂logf(eβ|θ−eβ ,Y)

∂ eβk
=

∑
i

∑
j

[(Yi2j − e
∆∗i2j+eλjbi2

1+e
∆∗

i2j
+eλjbi2

)
∂∆∗i2j

∂ eβk
]+

∑
i

∑
j

∑
t=3

[(Yitj − e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)
∂∆∗itj

∂ eβk
]− eβk

σ2eβ

where
∂∆∗i2j

∂ eβk
=

∂∆∗i2j

∂∆i2j

∂∆i2j

∂ eβk

∂∆∗i2j

∂∆i2j
=

e
∆i2j+eγi2jyi1j

(1+e
∆i2j+eγi2jyi1j )2R

e
∆∗

i2j
+eλjσ2zi

(1+e
∆∗

i2j
+eλjσ2zi )2

φ(zi)dzi

∂∆i2j

∂ eβk
=

Xi2jke
Xi2j

eβ
(1+e

Xi2j
eβ
)2P

yi1j

e
∆i2j+eγi2jyi1j

(1+e
∆i2j+eγi2jyi1j )2

(e
Xi1jβ∗

)
yi1j

1+e
Xi1jβ∗

For t ≥ 3,

∂∆∗itj

∂ eβk
=

∂∆∗itj
∂∆itj

∂∆itj

∂ eβk

∂∆itj

∂ eβk
=

−
P

yit−1j ,yit−2j

e
∆itj+γitj,1yit−1j+γitj,2yit−2j

1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j

∂π
(t)
yit−1j ,yit−2j

∂ eβkP
yit−1j ,yit−2j

e
∆itj+γitj,1yit−1j+γitj,2yit−2j

(1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j )2

π
(t)
yit−1j ,yit−2j

• ∂logf(β|θ−β ,Y)

∂βk
=

∑
i

∑
j

∑
t=3

[(Yitj − e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)
∂∆∗itj
∂βk

]− βk

σ2
β

∂∆∗itj
∂βk

=
∂∆∗itj
∂∆itj

∂∆itj

∂βk

∂∆itj

∂βk
=

Xitjk
e
Xitjβ

(1+e
Xitjβ

)2
−

P
yit−1j ,yit−2j

e
∆itj+γitj,1yit−1j+γitj,2yit−2j

1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j

∂π
(t)
yit−1j ,yit−2j

∂βkP
yit−1j ,yit−2j

e
∆itj+γitj,1yit−1j+γitj,2yit−2j

(1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j )2

π
(t)
yit−1j ,yit−2j
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• ∂logf(eα2|θ−eα2
,Y)

∂eα2k
=

∑
i

∑
j

[(Yi2j− e
∆∗i2j+eλjbi2

1+e
∆∗

i2j
+eλjbi2

)
∂∆∗i2j

∂eα2k
]+

∑
i

∑
j

∑
t=3

[(Yitj− e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)
∂∆∗itj
∂eα2k

]− eα2k

σ2eα2

∂∆∗i2j

∂eα2k
=

∂∆∗i2j

∂eγi2j

∂eγi2j

∂eα2k

∂∆∗i2j

∂eγi2j
=

(
∂∆i2j
∂eγi2j

+yi1j)
e
∆i2j+eγi2jyi1j

(1+e
∆i2j+eγi2jyi1j )2R

e
∆∗

i2j
+eλjσ2zi

(1+e
∆∗

i2j
+eλjσ2zi )2

φ(zi)dzi

∂∆i2j

∂eγi2j
=

−e
∆i2j+eγi2j

(1+e
∆i2j+eγi2j )2

e
Xi1jβ∗

1+e
Xi1jβ∗

[ e
∆i2j

(1+e
∆i2j )2

1

1+e
Xi1jβ∗ + e

∆i2j+eγi2j

(1+e
∆i2j+eγi2j )2

e
Xi1jβ∗

1+e
Xi1jβ∗ ]

∂eγi2j

∂eα2k
= Zi2jk

• for t = 3:

∂logf(α3|θ−α,Y)
∂α3k,l

= [
∑
i

∑
j

∑
t=3

(yitj − e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)
∂∆∗itj
∂α3k,l

]− α3k,l

σ2
α

for t ≥ 4

∂logf(αt|θ−α,Y)
∂αtk,l

= [
∑
i

∑
j

(yitj − e
∆∗itj+λjbit

1+e
∆∗

itj
+λjbit

)
∂∆∗itj
∂αtk,l

]− αtk,l

σ2
α

where

∂∆∗itj
∂αtk,l

=
∂∆∗itj
∂γitj,l

∂γitj,l

∂αtk,l
=

∂∆∗itj
∂γitj,l

Zitjk,l

∂∆∗itj
∂γitj,l

=
(

∂∆itj
∂γitj,l

+yit−lj)
e
∆itj+γitj,1yit−1j+γitj,2yit−2j

(1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j )2

1√
π

P
k

wk
e
∆∗

itj
+
√

2λjσtzk

(1+e
∆∗

itj
+
√

2λjσtzk )2
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∂∆itj

∂γitj,l
=

−
P

yit−1j ,yit−2j

yit−lj
e
∆itj+γitj,1yit−1j+γitj,2yit−2j

(1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j )2

πyit−1j ,yit−2jP
yit−1j ,yit−2j

e
∆itj+γitj,1yit−1j+γitj,2yit−2j

(1+e
∆itj+γitj,1yit−1j+γitj,2yit−2j )2

πyit−1j ,yit−2j

Derivatives of joint distributions:

Unlike p=1, we need to calculate and update bivariate probabilities. These probabilities

are used in the calculation of marginal constraints, and derivatives are required for the Hy-

brid step of some parameters.

Recall that, for t ≥ 4,

π
(3)
yi2j ,yi1j = P (Yi2j|Yi1j, θ)P (Yi1j|θ) = (e∆i2j+eγi2jyi1j )yi2j

1+e∆i2j+eγi2jyi1j

(eXi1jβ∗ )yi1j

1+eXi1jβ∗

• ∂π
(3)
yi2j ,yi1j

∂eγ2
= (eXi1jβ∗ )yi1j

1+eXi1jβ∗

[(
∂∆i2j
∂eγi2j

+yi1j)(e
∆i2j+eγi2jyi1j )yi2j (yi2j+e∆i2j+eγi2jyi1j (yi2j−1))]

(1+e∆i2j+eγi2jyi1j )2

• ∂π
(3)
yi2j ,yi1j

∂ eβk
= (eXi1jβ∗ )yi1j

1+eXi1jβ∗

[(
∂∆i2j

∂ eβk
)(e∆i2j+eγi2jyi1j )yi2j (yi2j+e∆i2j+eγi2jyi1j (yi2j−1))]

(1+e∆i2j+eγi2jyi1j )2

• ∂π
(3)
yi2j ,yi1j

∂β∗k
= (eXi1jβ∗ )yi1j

1+eXi1jβ∗
(e

∆∗i2j+eγ2yi1j )yi2j

1+e
∆∗

i2j
+eγ2yi1j

[
Xi1jk

1+eXi1jβ∗ (yi1j+e
Xi1jβ∗(yi1j−1))+

∂∆i2j
∂β∗

k
(yi2j+e∆i2j+eγi2jyi1j (yi2j−1))

1+e∆i2j+eγi2jyi1j
]

The derivative of π
(3)
yi2j ,yi1j with respect to any other parameter is zero. After calculating

(π(3), ∂π(3)

∂θ
), we need to update (π(t), ∂π(t)

∂θ
) for t ≥ 4.

Recall that,
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π
(t)
yit−1j ,yit−2j = P (Yit−1j = yit−1j, Yit−2j = yit−2j)

=
∑

yit−3j

(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j

1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j
π

(t−1)
yit−2j ,yit−3j

• ∂π
(t)
yit−1j ,yit−2j

∂eγ2
=

∑
yit−3j

(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j

1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j

∂π
(t−1)
yit−2j ,yit−3j

∂eγ2
+

∑
yit−3j

(
∂∆it−1j

∂eγ2
)(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j [yit−1j+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j (yit−1j−1)]

(1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )2
∗

π
(t−1)
yit−2j ,yit−3j

• ∂π
(t)
yit−1j ,yit−2j

∂ eβk
=

∑
yit−3j

(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j

1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j

∂π
(t−1)
yit−2j ,yit−3j

∂ eβk
+

∑
yit−3j

(
∂∆it−1j

∂ eβk
)(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j [yit−1j+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j (yit−1j−1)]

(1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )2
∗

π
(t−1)
yit−2j ,yit−3j

• ∂π
(t)
yit−1j ,yit−2j

∂β∗k
=

∑
yit−3j

(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j

1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j

∂π
(t−1)
yit−2j ,yit−3j

∂β∗k
+

∑
yit−3j

(
∂∆it−1j

∂β∗
k

)(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j [yit−1j+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j (yit−1j−1)]

(1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )2
∗

π
(t−1)
yit−2j ,yit−3j

• ∂π
(t)
yit−1j ,yit−2j

∂βk
=

∑
yit−3j

(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j

1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j

∂π
(t−1)
yit−2j ,yit−3j

∂βk
+
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∑
yit−3j

(
∂∆it−1j

∂βk
)(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j [yit−1j+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j (yit−1j−1)]

(1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )2
∗

π
(t−1)
yit−2j ,yit−3j

• ∂π
(t)
yit−1j ,yit−2j

∂γit−1j,1
=

∑
yit−3j

(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j

1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j

∂π
(t−1)
yit−2j ,yit−3j

∂γit−1j,1
+

∑
yit−3j

(
∂∆it−1j
∂γit−1j,1

+yit−2j)(e
∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j [yit−1j+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j (yit−1j−1)]

(1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )2
∗

π
(t−1)
yit−2j ,yit−3j

• ∂π
(t)
yit−1j ,yit−2j

∂γit−1j,2
=

∑
yit−3j

(e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j

1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j

∂π
(t−1)
yit−2j ,yit−3j

∂γit−1j,1
+

∑
yit−3j

(
∂∆it−1j
∂γit−1j,2

+yit−3j)(e
∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )yit−1j [yit−1j+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j (yit−1j−1)]

(1+e∆it−1j+γit−1j,1yit−2j+γit−1j,2yit−3j )2
∗

π
(t−1)
yit−2j ,yit−3j

The derivative of π
(t)
yit−1j ,yit−2j with respect to any other parameter is zero.

Appendix D

Form and parameterization of the model for the missing covariates:

logitP (xt,3 = 1|xt,2,Xt−1, ψ3) = ψ31+ψ32xt,2+ψ33xt−1,3+ψ34xt−1,4+ψ35xt−1,5+ψ36xt−1,6+

ψ37xt−1,7 + ψ38xt,10 + ψ39xt,11

logitP (xt,4 = 1|xt,2,Xt−1, ψ3) = ψ3,10 + ψ32xt,2 + ψ33xt−1,3 + ψ34xt−1,4 + ψ35xt−1,5 +

ψ36xt−1,6 + ψ37xt−1,7 + ψ38xt,10 + ψ39xt,11
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where ψ3 = (ψ31, ψ32, ψ33, ψ34, ψ35, ψ36, ψ37, ψ38, ψ39, ψ3,10).

logitP (xt,5 = 1|x2, xt,3, xt,4,Xt−1, ψ5) = ψ51 +ψ52xt,2 +ψ53xt−1,3 +ψ54xt−1,4 +ψ55xt−1,5 +

ψ56xt−1,6 + ψ57xt−1,7 + ψ58xt,10 + ψ59xt,11 + ψ5,10xt,3 + ψ5,11xt,4

logitP (xt,6 = 1|xt,2, xt,3, xt,4, xt,5,Xt−1, ψ6) = ψ61 + ψ62xt,2 + ψ63xt−1,3 + ψ64xt−1,4 +

ψ65xt−1,5 + ψ66xt−1,6 + ψ67xt−1,7 + ψ68xt,10 + ψ69xt,11 + ψ6,10xt,3 + ψ6,11xt,4 + ψ6,12xt,5

logitP (xt,7 = 1|xt,2, xt,3, xt,4, xt,5,Xt−1, ψ6) = ψ6,13 + ψ62xt,2 + ψ63xt−1,3 + ψ64xt−1,4 +

ψ65xt−1,5 + ψ66xt−1,6 + ψ67xt−1,7 + ψ68xt,10 + ψ69xt,11 + ψ6,10xt,3 + ψ6,11xt,4 + ψ6,12xt,5
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