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Appendix C
Calculation of Ay, A}, and their derivatives:

Ay and AY, are determined through equations (4) and (5) by using Newton-Raphson.

J
Numerical solution of the integrals in (5.1) and (5.4) are obtained by a 20-point Gauss-

Hermite Quadrature.

e For the special case of p=1, we have two marginal constraint equations; one for t = 2,
and other for ¢ > 2. Specifically, for ¢ = 2, we have
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For later time points, P(Yj_1;) depends on [ and not on 5*. Hence, we have,
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To use Newton-Raphson, we require the derivatives of these equations. For ¢t = 2, this
derivative is:
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For later time points, this derivative takes the following form:
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e [rom equation (5.4), we have the convolution equation for Aj;:
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For Newton-Raphson, we use
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All integrals in functions and derivatives are approximated by using Gauss-Hermite

Quadrature.

e The convolution equation of Aj;(t > 2) gives
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In Newton-Raphson step, we use
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Full conditional distributions:
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This integral is also approximated by Gauss-Hermite Quadrature:
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Derwatives of full conditional distributions:

For Hybrid MC, we need derivatives of full conditionals, as well as derivatives of Ay,
and Aj,;. Necessary derivatives are obtained by chain rule and implicit differentiation. For

simplicity of notation, define,
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CIN:
From convolution equation, we have A“J = By [/ Aitj.

aé,Aﬁ”f takes two forms depending on t. For t = 2,
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From marginal constraint equation for ¢ > 2, we have
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Details on sampling from posterior distribution of parameters in MTREM(2)

For simplicity of notation, for ¢ > 3, define:
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Calculating Ay;, A} and derivatives:

e Marginal constraint for initial state intercept, i.e. for Ajy;:
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Ajs; is a function of 7;9;, 5 and *.

e Convolution equations for initial state intercepts, i.e. for Ajj; and A}
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Aj,; is a function of of ¥iy;, Xj, 02, Ajgj (hence B and ().

e Marginal constraint for A;; when ¢ > 3:
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Full conditional distributions:
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o f(bi|0_p,Y) for t > 1 takes similar forms to the ones for p=1.
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Derivatives of full conditional distributions:
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A}, OAY, 0vinja _ A},
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> At TVitg, 1Yit—15TVitj,2Yit—2;
- Yit—1j A virs 15 PV Ty, Y4 ;
Y. Yit—1517. Yit— it—17°Yit—2j
8Aitj o Yit—1; Yit—2; (1+e ity ity,1Yit—1j itg,2Yit 2])2
Ovitj it TVitg,1Yit—15TVitj,2Yit—2; .
it 1) Vit 2; (1+6Azt]+71t],1yzt—1]+'th],2ylt—2j)2 it—1j>Yit—2j

Deriwatives of joint distributions:

Unlike p=1, we need to calculate and update bivariate probabilities. These probabilities
are used in the calculation of marginal constraints, and derivatives are required for the Hy-

brid step of some parameters.

Recall that, for ¢t > 4,

(eA¢2j+:/¢2jyi1j yYi2j (eXﬂjﬁ* YYilj

5wy = P(Yiaj iy, 0) P(Yiy,10)

1eli2itrizivity 14 eXi1B"

[ A Ao dSio Ui \Usos Ao 4o i1 s
oD s (X038 ity [ty ) (€202 7200010023 (y;-4€5025 V259003 (3 1))
8’72 1+e i1508 (1+6 127 ’Yz2jy113)2
[SZANT Ao N0 Y1\ Yios Aot Tio yi1s
O iy (X138 yuing (g5 ) (€729 TTRIVAT) Y23 (y g€ i2T TI2T VI (yin; —1))]
9By, T 14efingfr (1+e2izi TVi2jYi15)2
(3) * ¥ 94i2; Ajoi+i2Yi1; 1
Omyn, it (eXi1i0" yviry (eAi2j+72yi1j)yi2j Xi1jk X" 1 87 (yizj+e (yi2;—1))
= — - . ilj U —
B35 14eXi1if* 1+6A32j+vzyi1j [1+€Xi1j5 (?hh"‘e (yllj ))+ 14eRi2j HVi2jYi1;

The derivative of Wé?gj,yﬂj with respect to any other parameter is zero. After calculating

(w3, ag?) ), we need to update (7, 8g—g)) for t > 4.

Recall that,
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The derivative of 7T1(/2_1 wir—2; With respect to any other parameter is zero.

Appendix D
Form and parameterization of the model for the missing covariates:

logitP(xy 3 = 1|20, Xi—1,¥3) = 31 +1300s 20+ 33T 1 3+ V3aTt—1 4+ 35041 5+ V36116
Y372-1,7 + Y3810 + Y39t 11

logitP(xiq = 1|Tp2, Xeo1,103) = 310 + VsoTro + Y33Te—13 + V3aZy—14 + Y35Te-15 +

Y36T1—1,6 + V37Te—1,7 + P33T 10 + V39T 11
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where 13 = (¢31, P32, 33, V34, V35, V36, Y37, Y3, Vg, 1/13,10)-

logitP(x5 = 1|T9, T3, Tra, Xie1,V5) = V51 + Vsay o + Ussi_1,3 + Vsaly—1.4 + V55215 +
Ys6Te—1,6 + Vsre—17 + VssTe10 + Ys9Te11 + Vs 1003 + Vs 11044

logitP(wye = 1|w42, 703, Ta, Tes, X1, ¥6) = Vo1 + Veatro + Ve3Ti-13 + Vealy—14 +
Ye5Ti—15 + VeeTi—1,6 + YerTi—1,7 + VesTe,10 + Veolr,11 + Ve,10T,3 + Y6, 11T1,4 + V612715

logitP(xy7 = 1|2y, 3, Tea, Trs, X1, %) = Vo3 + Vealro + Vesti—13 + VeaZi—14 +

Ye5Ti—15 + VeeTi—1,6 + YVerTe—1,7 + VesTe,10 + Veole,11 + Ve,10T,3 + Ve 11%e4 + V612715
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